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Abstract

A Ek-plane tree is a plane tree whose vertices are assigned labels between 1 and
k in such a way that the sum of the labels along any edge is no greater than k + 1.
These trees are known to be related to (k 4 1)-ary trees, and they are counted by a
generalised version of the Catalan numbers. We prove a surprisingly simple refined
counting formula, where we count trees with a prescribed number of labels of each
kind. Several corollaries are derived from this formula, and an analogous theorem
is proven for k-noncrossing trees, a similarly defined family of labelled noncrossing
trees that are related to (2k + 1)-ary trees.

1 Introduction and Preliminaries

Many combinatorial objects that are counted by the Catalan numbers have k-ary ana-
logues. Heubach, Li and Mansour list several such examples in [2], among them k-ary
trees, different families of lattice paths, nonintersecting arc sequences, and certain types of
Young diagrams.
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The family of k-plane trees, which was first considered in [I], is another example that
leads to k-ary analogues of the Catalan numbers. It is the family of all labelled plane
trees (rooted trees where the order of branches matters) with vertex labels in the set
(k] = {1,2,...,k} and the restriction that the sum of the labels along any edge is never
greater than k + 1. Figure [Il shows an example of a 4-plane tree.

Note that 1-plane trees are simply plane trees where every vertex is labelled 1, which are
counted by the Catalan numbers. Moreover, we note that a plane tree with vertex labels
in {1,2} is a 2-plane tree if and only if the vertices labelled 2 form an independent set.
Therefore, the total number of 2-plane trees is the same as the total number of independent
sets in all plane trees, which was determined in [4].

The number of k-plane trees with n vertices is the generalised Catalan number

1 ((k:+1)(n— 1)) _ k:((k:+1)(n— 1))7

n—1 n n n—1

and there is a similar formula for the number of k-plane trees with n vertices whose root

is labelled h:
k+1—h ((k+1)n—h—1)

kn—h-+1 n—1

In particular, we obtain the number of (k + 1)-ary trees (trees where every internal vertex
has precisely k + 1 children) with n — 1 internal vertices when h = k. An explicit bijection
is provided in [1].

Figure 1: An example of a 4-plane tree.

The aim of this paper is to provide refined counting formulas for k-plane trees based on
the number of occurrences of each label. Perhaps surprisingly, there is an explicit product
formula for the number of k-plane trees with prescribed multiplicities of all labels. The
main theorem reads as follows:



Theorem 1.1. Let n > 1. The number of k-plane trees with root label h, ¢; vertices labelled
i (i €[k])andn =10, 4 ly+ -+l vertices in total is given by

[k/2] r—
) H (271 —-1- Zj:} l; — E?:H%r gj)

n(2n—1) -< ly

h—1 T [k/2] T
H <Zj:1 b+ Z?szrlfr t; - 1) H <E]’=1 b+ E?szrlfr @)

Ek-{—l—r Ek—i—l—r

r=1 r=h

if h < [k/2], and by

Cn kﬁh (2” —1- Z;; t; — Z?:kJerr gj)

(n—1)(2n—1) 13 t
[k/2] r— [k/2] r
H <2n —2— Ej:i Ej - Z?:Hz—r gj) H (Zj:l ej + Z?:kﬂ—r gj - 1)
r=k+2—h b r=1 berir

otherwise. The total number of k-plane trees with ; vertices labelled i (i € [k]) and n =
by + by + - - - + £, vertices in total is

[k/2] r— [k/2] T
1 H (2n -2 — Z]:i g] — Z.I;:k+2,r e_]) H (Zj:l g.] + Z_l;:kﬂLl*T g.] - 1) )

n—1 Er Ek-{—l—r

r=1

r=1

Let us remark here that empty products are always considered to be 1, and empty sums
are considered to be 0. To illustrate the result in a special case, let us give the formula
for the total number of 4-plane trees with ¢y, (s, (5, {4 vertices labelled 1,2, 3,4 respectively
and n = {1 + 05 + {3 + £, vertices in total:

1 2n — 2 2n—2—€1—€4 €1+€2+£3+£4—1 £1+£4—1
”—1( b )( l )( l3 )( ly )
1 M—2\[2n—2—0; — b\ (n—1\ ({1 + 4, —1
_n—1< | )( £ )(53 )( €y )
Theorem [L.1] will be proven in Section Pl by first establishing a system of functional
equations, which can be solved explicitly by means of a suitable substitution. The formula
finally follows by an application of the Lagrange-Biirmann formula. We will derive a

number of corollaries from the formula in Theorem [LT], in particular on the average number
of occurrences of a specific label.

The family of k-plane trees can also be bijectively related to lattice paths with up-
steps of the form (1,1) and down-steps of the form (1, —k), see [I]. In [3], such paths are
enumerated by the y-coordinates of the down-steps modulo k. Interestingly, the number



of paths with exactly a; down-steps at level ¢« modulo k for every ¢ turns out to be given
by a similar, albeit somewhat different, product formula as those in Theorem [LL1l

In Section [3, we consider a similar family of trees called k-noncrossing trees: recall that
a noncrossing tree is a tree whose vertices vy, vo, . . ., v, can be arranged as points on a circle
(in this order) with the edges represented by line segments between these points that do
not intersect at interior points. In analogy to k-plane trees, one defines k-noncrossing trees
as noncrossing trees whose vertices are labelled with labels in [k] in such a way that the
labels of two adjacent vertices v;, v; with ¢ < j cannot add up to a sum greater than & + 1
if the path from the root vy to v; contains v; (this includes the case that i = 1). Figure
shows an example of a 3-noncrossing tree. Note that it contains two edges between vertices
labelled 2 and 3 respectively that would not be allowed in a k-plane tree, but are allowed
here because the path from the root moves from the vertex with higher index to the vertex
with lower index.

The special case k = 2 was considered in [8], where a bijection between 2-noncrossing
trees with a root labelled 2 and 5-ary trees was constructed. The more general case was
studied in [6], see also [5].

Figure 2: An example of a 3-noncrossing tree.

In analogy to Theorem [L.T], we will also be counting k-noncrossing trees by the number
of vertices of each label. The resulting formulas are quite similar and again surprisingly
explicit.

Theorem 1.2. Let n > 1. The number of k-noncrossing trees with root label h, {; vertices



labelled i (i € [k]) and n = £y + o + - - - + £y, vertices in total is given by

[k/2] r—
205 H 3n—2— Ej:i l; — Z?:IH—Q—T ¢
(2n —1)(4n — 3) e,

h— r [k/2] T
1—[1 (n =243 0+ Zf:kﬂ_r Ej) H <n -1+ 4+ Zf:kﬂ—r Ej)

ek‘i’l*f’

r=1

r=1 £k+177' r=h

[k/2] r
B ly H (n =1+ 4+ E?szrlfr gj)
(4n —3)(3n — 2 — Z;:ll l; — Zf:k-i-Q—h 0;) o Crv1—r

h— r— [k/2] T—
1—[1 (3n -3 - Zj:i t; — Z?:k—f—Z—r “gj) H (?m —2- Zj:i b — Z?zkﬂ—r EJ)
l, L,

r=1 r=h

if h < [k/2], and by

lk/2] r
Oy H <n =243 0+ Ef:k-i—l—r Ej)

- Dn—3) 11 -
k+1—h r— [k/2] r—
l, lr
r=1 r=k+2—h

[k/2] r—
. 0 I ("= Vickrae ")

@n=3)(n—1+ 07"+ 35, 64) b

k+1—h r k Lk/2] r k
H <n 143G+, fj) H (n =242 G+ e, @)
r=1 Cetir r=k+2—h Cretr—r

otherwise. The total number of k-noncrossing trees with {; vertices labelled i (i € [k]) and
n =2~ +4¥4y+ -+l vertices in total is

[k/2] r— k [k/2] r k
1 1T (371 — 3=l = Y ey Ej) 11 (n =24 i X gj)

n—1 r=1 Er r=1 Ek—i—l—r
[k/2] r—1 k [k/2] r k
_ 1 H 3n—2—zj:1€j—2j:k+2,r@ H n— 1+Zj:1€j+2j:k+1—r€j
2n—1 -+ ly e Crtr1—r .

This theorem will be proven in Section [3] using similar techniques as in the proof of
Theorem [L.1] and several corollaries will follow as well. Let us again illustrate the formula
in the special case k = 4, where the formula for the total number of 4-noncrossing trees
with £, 0y, 03, 04 vertices labeled 1,2, 3,4 respectively and n vertices in total is

n—l 61 62 63 64

bt




B 1 3n—2\/3n—2—0; — U\ [(2n—1\ [n—1+ 01+ ¥4
2n—1 A Uy 5 ly .

2 Plane trees

The key to proving Theorem [[.T] is a system of equations for the multivariate generating
functions of k-plane trees with a given root label. We fix k and let P, denote the set of
k-plane trees whose root is labelled r. Moreover, we let h;(T") be the number of vertices
labelled i in a tree T', and |T'| the total number of vertices of T". Define

k
P, =Pz, 1,2, ap) = Y 27 Hx?im_
i=1

TePr

Now note that a tree T' € P, can be decomposed into the root (labelled r) and a (possibly
empty) sequence of branches that are again k-plane trees, with root labels in [k + 1 —r| =
{1,2,...,k+1—r}. Thus we have

Ty

1-P —P,—- = P,

Pr:erZ(P1‘|‘P2‘|‘""|‘Pk+1—r)j (1)

J=0
for all r € [k].

Now let us set
[k/2] [k/2]

F]m‘(t) =1+ ( Z Xy — Z {L‘k+1_j>t
j=i Jj=i

and
k/2] [k/2]

Xy — E xk-{—l—j)t
j=i

for 1 <14 < [k/2]. These expressions satisfy the recursions

[
Gri(t) =1+ (
j=it1

Fk,i+1(t) = G]m‘(t) + fL‘k-{—l—it and Gk,i(t) = Fk,i(t) — {L‘it, (2)
as well as

Friv1(t) = Fri(t) + (2pp1-0 — )t and Grit1(t) = Gri(t) + (Tpy1—i — zig1)t. (3)

We can use these recursions to continue the definition of Fy ;(t) and Gy ;(t) to greater values
of i: generally, we set

—_

Fk,z(t) = Fk71<t) -+ <$k+17j — l’])t
1

<.
Il

and

—_

Gk,z@) = Gk,l(t) + (karlfj — ijrl)t.
7=1
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Both ([2) and (B]) remain satisfied. Since

k+1—i k—i
Z (Thgp1—j — ;) =0 and Z(Jfkﬂfj — xj41) =0,
j=i J=i

we see that the following symmetry properties hold:
Foi(t) = Frpyro—i(t) and  Gpi(t) = Grpg1-i(1).
Moreover, it is important to observe that
Firjo1 =1 (k even) and Gr,t1y2 =1 (k odd).
The key to the proof of Theorem [LI]is the substitution

. SL’lA
Fi1(A)

Py

(6)

for a suitable power series A. One can easily solve the equation for A to show that this

power series actually exists (and that it is unique).

As it turns out, we can express Py, P, ..., P,_1 in terms of A as well and also set up
a functional equation for A that is amenable to an application of the Lagrange inversion

formula.

Proposition 2.1. The power series Py, Ps, ..., P, can be expressed in terms of A and the

variables x1,xo, ...,z and z in the following way: for 1 < h <k,

h h-1
Py = ap A [ Fea(A) 7 ] Gra(A),
=1 i=1

h h
Priip = Tpp1-n2 H Fri(A) H Grai(A)™
=1

i=1

Proof. We use induction on h. For h = 1, the first equation is exactly our substitution ({@l),

while the second equation follows from (] for 7 = k and an application of (2I):

P TRZ T2 . rp2F1(A) _xksz‘,l(A)
=P 11— Fa(d)—mA Gald)

For the induction step, use ({l) with » = h and r = h + 1 respectively, which yields

The

1= Py = Py— v — Pyypyp = %
1 2 k+1—h Ph
1= P =Py oo Py = 017
Pt



Now take the difference:
Thpy12  Tpz

P Py
After some simple manipulations, this gives us

Poyion =

SN (8)

h P Th2z

Now it only remains to apply the induction hypothesis and simplify:

Tp412

Tpr1-nz [y Fri(A) H? L Gri(A) T+ 21T, Fra(A) T Gra(A)

h
Tp1 A -1
= Fi( Gri(A
Tpr1-n A+ Gep(A H ea(4) ZI;II ei(4)

$h+1A H Fk Z 71 H GM(A)
i=1

Fk h1(A

Phy1 =

h+1

h
= {L‘h_HA H F]m(A)_l H G]m(A
i=1

i=1

Likewise, replacing h by k — h in () gives us

P — Tp4+1-hZ  Tk—h%
h+l = - .
Priin Pi_p
Thus s
k—h
Pk?—h = Tk4+1—hZ P °
Pryi-n h+1

Now plug in (8) and apply the induction hypothesis. Again, we obtain the desired formula
after some further manipulations. O

Corollary 2.2. The power series A satisfies the equation
[k/2] [k/2]

_ H Fpi(A)? H Gra(A)2

Proof. Replace h by k+ 1 — h in the second equation of Proposition 2.1] to obtain another
representation for Py:

k+1—-h k+1—-h

Ph:ZL‘hZ H FkJ(A) H GkJ(A N
=1 =1

Equating the two expressions for P, yields

k+1—h h—1 k+1—h

A=z Fei(A) ] FiD]]Gra(A™ T Gra(A)™



Now we apply the symmetry properties () to the second and fourth product:

h k+1 h—1 k
A= ZHF]C,Z(A) H Fkﬂ(A) HGk,i(A)il HGkﬂ'(A)il
i=1 i=h+1 i=1 i=h

k+1

=z H Fri(A) H Gra(A)™

Applying the symmetry properties once again, and noting that [}, /o1 can be left out if
k is even, while Gy, (111)/2 can be left out if £ is odd (by (&), we end up with

[k/2] Lk/2]

=2 H Fea(A)? ] GralA) 2,

completing the proof. Note that h could have been chosen arbitrarily for this purpose. [
We can now proceed with the proof of our first main theorem.

Proof of Theorem[1.1. We are now ready to apply the Lagrange-Biirmann formula [7,
Corollary 5.4.3], based on Proposition ZIland Corollary 222l Let us first recall this formula:
if A satisfies an implicit equation of the form A = z®(A), then

A = S D) (9)

n

Now suppose first that A < [k/2]. In view of Proposition 2] and Corollary 2.2 we can

apply (@) with
[k/2] [k/2]

HF]CZ Hsz
and

h h—1
t) = apt [ [ Fra®) ™ ] Gralt)
i=1 =1

in order to compute the coefficients of P,. The derivative f’ is determined by means of
logarithmic differentiation. It is also important to observe that

Foi(t) ¢

FLt) 1 (1 1 ) Gt 1 (1 1 >7

— and =—(1-
F(t) Gp.i(t) t Gp.i(t)

which yields

, 1 KFL) &G
f(t):f(t)<¥_;Fmt+ G t)



) s 1 1
Tt (H Fm(t)_;Gm(t))

1
(22l x| Py = ﬁ[tn_lx? 1S () ()"
) h h-1 hooq Ut |
n[ 1 k]hH ka(t) H kilt) ;F;“(t) ;Glm(t)
[k/2] [k/2]
1T B T Gratt)™
=1 =1
. [k/2] [k/2] o
_ _[tnflxil xfzh_l .T}f;k] H Fk,z<t> H G Z(t)il)
i=h+1 i=h
ol h—1

1,.h 17 1
(Z Fri(t) 4 Gk,i(t)).

=1 i=1 i=1

At this point, we can drop the variable ¢ (equivalently, set ¢ = 1), since the coefficient of
t"‘lel x -xf;rl x xi’“ is only nonzero if ¢; + --- + ¢, = n. Thus we will also only write
Fy; and Gy,; instead of Fj,;(1) and Gy ,(1) respectively.

Next we note that Fy 1, Fi 2, ..., Fip and Gi 1, Gipo, - . ., Gy -1 are the only factors that
contain the variable z;,. Moreover, using logarithmic differentiation once again, one finds
that

h

h h—1 .. h h—-1 n—
%(HFMHGkDQ L (2n — 1)(HszHGk1>2 1(2 F;“ p G1;”>

T
L

i=1 =1
. . 1. . . . .
For any power series X, the coefficient of xflh in %X is precisely ¢} times the coefficient

of :cf;h in X. Thus we get
. . A . , h h—1 e [k/2] [k /2) 2
[2nath - 2P, = m[:ﬁll"'w’fk]<an’iHG“> (H Fr. H G,m> .
i=1 i=1 i=h+1 i=h
Now we finally start extracting coefficients. First of all, we observe that x; only occurs in

the factor £, ;. Moreover, we have

Fih = (o + Gr) ™,

10



2n—1 2n—1—41 T
so the coefficient of xl is ( o )Gm , giving us

n 41 Eh 271 — 1 —0
("2l 2t Py = m( 0 )[xz -G
B het k2 k)
(oAl (T e He)”
=2 =2 i=h+1 i=h

Among the remaining factors, Gy ; is the only one that contains x;, and we have

—{1
]Gt = (2] (Fro — )™ = [2f*) it (1 _ &>

Fi2
_ —El 1 s fl + Ek —1 0 —
S
=\ Fyo U, ’
It follows that
l 2n—1\ (b1 + 6, — 1 Ol
n, Xt ¢ h 1 k l Cp— 2n—~01—4L—1
[Z xll . kk]Ph - m< 0 ) ( fk )[%2 o 'xklill]FkQ o
h h—1 on_1 , [F/2] lk/2]
(e Tl (11 A Il )"
i=3 =2 i=h+1
We can now continue in this way, considering the variables xy, xy, X2, Tp_1, x3,... in this

order. At the end, we have precisely the first formula in Theorem [L.I
The case that h > [k/2] is treated in a similar way: since

k+1—-h k+1—h

Py=mzpz |] Fei(A) [] Gri(A)
=1

i=1

in this case by the second equation of Proposition 2.1l we apply the Lagrange-Biirmann

formula with
k+1—h k+1—h

t) =z, H Fia(t) H Gra(t)™

and the same function ® as before. This yields

[2hat gt Py = [ el ] f(A)

o e T RS ILOLIOR

The remaining steps are completely analogous to the first case.

Finally, we consider the total number of k-plane trees, without taking the root label

into account. Here, we first observe that the generating function is
Iz

P+ P P=1——
1+ 1o+ + Ly P,
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in view of () (for » = 1). In terms of A, this becomes

Fr.1(A
P1+P2+-~-+Pk:1_zk77;1() (10)
by (@). Thus
A
[kt (P + Pot o B = [V b ,xik]Fk,l( )

Now we apply the Lagrange-Biirmann formula once again. Noting that

OFa() _ 1
ot 2

we obtain

[l (PL+ Pot oo 4 P) = — (" 2aft - ()
1
T -1 [tk

with the same function ® as before. Again, the remaining steps are completely analogous.
O

We conclude the section with corollaries of Theorem [[1] that follow by specialisa-
tion. First of all, the following formulas from [I] follow easily by ignoring the variables
T1,L2y...,Tk.

Corollary 2.3. For every positive integer n, the total number of k-plane trees with n
vertices s

E((k+1)(n—1)

n n—1 '
The number of k-plane trees with n vertices whose root is labelled h is

k+1—h ((l{:—i—l)n—h—l).

kn—h-+1 n—1

Proof. Since the number of labels of each kind is no longer relevant, we can set z; = x9 =

oo =1x = 1. We get
1 k even,
14+t k odd,

as well as

1—1t Kk even,
Gralt) = {1 k odd

12



for all values of . Consider the case that k is even, the other being similar. Corollary
gives us

A=z(1-A)"
So by the Lagrange-Biirmann formula, we have
Fi1(A
(P + Pot o+ B = "] (1 - ZkT}()) = -l

1 1
[ (1 - 1) ——[t")(1 - 1

1 ((k+1)(n— 1)) _k ((k:+1)(n— 1))_

n n n—1

T n—1

This is exactly the first formula. Considering the coefficients of P,, which count trees
whose root is labelled h, we have

P, =A(1— AP

by Proposition 2l Thus

[2"] P, = %[t"‘l]((l — )" —t(h = 1) (1= t)"?) (1 —t)

= %[t”l](l — ht)(1 — t)hnth=2

:%(((kw_)nl—h)_h((k+17371_2h_1>)
e
_k—h+1 ((k+1)n—h—1
o (i

n—1

Next, we count k-plane trees by occurrences of a single label.

Corollary 2.4. For everyn > 1, the total number of k-plane trees with n vertices of which
¢ are labelled h is equal to

nil z‘f (Q(h— 1)(77,; 1) +r— 1) (Q(n —£1> —r) (<k+2__27~h1(z_ 1))

r=0

if h < [k/2], and equal to

(2(k+1—h)(n—1)) (r+£—1) ((Qh—k—l)(n—l)—r—ﬁ)

~

1 —
n—1

r 14 n—r—1¥¢

ﬁ
Il
o

otherwise.
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Proof. Let us give the proof in the case that k is odd and h < [k/2] = k“ , the other cases
being similar. Since we are only interested in vertices labelled h, we set x; = 1 for all ¢
except h. Then we get

1 < 1 -1 ]
Fiilt) = + xpt z._h, and  Geilt) = + (zp — 1)t z.<h,
: 14+t  i>h, ’ 1 i > h.

Now we have to determine
("2t (Pl + Py 4 -+ Py).

Using (I0) and the Lagrange-Biirmann formula once again, we find that this equals
[2"2f | (P4 Py + -+ Py)

1
_ - [tnl‘é](l + xht)2h(n71)(1 + t)(k+172h)(n71)(1 + (xh _ l)t)f2(h71)(n71)'
n —

Now we extract the coeflicient as follows:

("2t ](Py + Py 4 -+ Pr)

1 t —2(h—1)(n—1)
_ ol (1 _ ) 1 20=1) (1 4 ¢)(k+1=2R)(n—1)
— i) (1- (1 + 2t (1 +1)
1 2h—1D(n—1)+r—1
= —1[75’%] > ( ( )< ) )tr(l + apt) 2D (] ) (2R (D)
e >0
1 2h —1)(n—1)+r—1
_ 1 Z( ( )(n )+ ) 721 (1 4 )20 D7 (1 4 ) (120 =)
==
1 2h—1)(n—1)+r—1 — 1
=— Z ( ( )(n )+ ) ( n )[tn—r—f](l ) (B+1=2m) )
r>0
1 & 2(h—1)(n—1 )+ —1 n—l (k+1—2h)(n—1)
-1 p— n—r—1{ '

0

Corollary 2.5. For every n > 1, the average number of vertices labelled h in k-plane trees
with n vertices 1s
20k+1—h)n
k(k+1)

Proof. As in the previous proof, we only consider the case that k is odd and h < [k/2] =
%. Instead of extracting coefficients, we take the derivative with respect to x; and plug
in x;, = 1 in order to determine the total number of vertices labelled h in all k-plane trees.
All other variables x; are immediately taken to be 1. This gives us

)P4 4 )
a.ﬁL’h ! k r1="=x=1

14



1 0
= 1[t”]a—xh(l + )0 (1 4 )20 (] (g, — 1)) 2D D) 1
Th=—
= [t"2t(1 — (h — 1)) (1 4 ¢)FHD=D=1
= 2" (1 — (h = 1)t) (1 4 ¢)*FDE=D

:2<(k:+1)(n—1)—1> _2<h—1)<(l{;+1)(n—1)—1)'

n—1 n— 2

Dividing by the total number of k-plane trees (as given in Corollary 2.3]), we obtain the
stated formula. 0J

It is also possible to derive formulas for the variance of the number of vertices labelled
h, as well as covariances of two different label counts. However, the formulas are somewhat
unwieldy. Moreover, one could also take the root label into account in Corollary 2.4] and
Corollary 28 Instead of stating the most general result (which would be rather lengthy),
we illustrate this in the special case k = 3.

Corollary 2.6. Let n > 1. Variances and covariances of the number of vertices labelled
1,2, 3 respectively in 3-plane trees with n vertices are given in the following table:

| 1 2 3
1 n(3n—4) n _ n(n=2)
4(4n—5) 6 12(4n—>5)
92 n 2n(4n—3) __ n(Tn—6)
6 9(3n—2) 18(3n—2)
3 n(n—2) n(7n—06) n(5n—4)(13n—18)
T 12(4n—5)  18(3n—2)  36(3n—2)(4n—5)

Proof. We recall from the proof of Theorem [LT] that
1
(22l a2 e (P + Py + P3) = — 1[15":1:?:6?3:?]@@)”’1,
where

O(t) = (1 + (w1 + 29 — 23)t)*(1 + 29t)*(1 + (23 — w3)t) 2

in the special case k = 3. For the variance of the number of vertices labelled h, we need to
compute the second moment, which is

(2" (P + o+ Py)lesmasmnsmt + [ (P P+ Py)lay e
[Zn] (Pl + P2 + P3)‘£B1={L’2=:133:1 ’

(11)

and then subtract the square of the mean. Likewise, the mixed moment of the number of
vertices labelled h and the number of vertices labelled 7 is

[Zn]ﬁ(Pl + P2 + P3)|1‘1:$2:1‘3:1
[Zn] (Pl + P2 + P3)‘£B1={L’2=:133:1 7

from which we subtract the product of the means to obtain the covariance.
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Let us only show the calculations for the variance of the number of vertices labelled 1
explicitly. Here, we obtain

o 1

[z ]6 (P1+ P+ P3)|oy=zp=as=1 = l[t"]2(”—1)(2”—3)t2(1+t)4"_6

=2(2n - 3)[t" 3 (1 + )" % =2(2n - 3) (4:__26).

We already found earlier that

0 4n —5
[]a—(P1+P2+P3)|$1 za=z3=1 = 2<:_1)

and

" 1 dn — 4
[2 ](P1+P2+P3)|x1$2x31:n_1< . )
Plugging everything into (II]) and simplifying, we find a formula for the second moment
and thus in turn for the variance. O

Corollary 2.7. Let n > 1. The average number of vertices labelled 1,2, 3 respectively in 3-
plane trees with n vertices whose root is labelled 1,2, 3 respectively is given in the following
table:

| 1 2 3
n’ —1 n—D(nrD)
root label 1 o T TR
root label 2 ”T*I J%?’n ("*26}7(111*1)
n (n=2)(n—1) n24+5n—4
root label 3 5 T 2(?;”_1)

Proof. We recall from the proof of Theorem [LT] that

P _ l‘lA P _ I‘QA(l + (IL‘Q — l‘g)A)
! 27 (14 2A) (1 + (21 + 39 — 23)A)’

1 + (IL‘l +l‘2 — IEg)A’
.1’314(1 + (372 — .Tg)A)
(1 + $2A)2<1 —+ (.1’1 —+ Ty — .Tg)A)’

P3:

with
A= 21+ (21 + 29 — 23)A)?(1 + 22A)*(1 + (29 — 23)A) 2.

In order to determine the desired mean values, we need the coefficients of the partial
derivatives %Rul:m:m:l. We will show the details of the calculations in one of the
cases again: the number of vertices labelled 1 in 3-plane trees whose root label is 1. Since

0 .ﬁl]lt x1

al—i-(.rl—'—l’g—xgg)t n <1+(.T1—|—l’2—l’3)t)27

16



we have

n — 1 n—1 s
(2" P = %[t ]<1 + (21 + o — x3)t)

S(14 (21 4 20 — 23)t) " (1 + 298)*" (1 + (2 — w3)t) "

Now differentiate with respect to x; and set x1 = 9 = 23 = 1:

IR — Lt 2n - o+ o

&xl r1=x2=x3=1 E
1/(4n -3 dn — 3
S om — 1 )
n<<n—1)+(n )<n—2)
Dividing by the total number of 3-plane trees with n vertices and root label 1, which is

%(4::12), we obtain the mean number of vertices labelled 1, namely

HGD) +Cn=DE5)  w?

n—1 _
1) BETEY

3 Noncrossing trees

Our aim in this section is to obtain analogous results for noncrossing trees. In particular,
we will prove Theorem [[L2 To this end, we set up a system of functional equations once
again. We fix k and let )V, denote the set of k-noncrossing trees whose root is labelled 7.
As before, we let h;(T") be the number of vertices labelled i in a tree T', and |T'| the total
number of vertices of T'. Finally, we define the following generating functions in analogy
to the generating functions P, in the previous section.

k
N, = Ny(z, 21,29, ..., 7)) = Z T HSC?“T)-

TeN i=1

The decomposition of k-noncrossing trees is slightly more subtle than that of plane trees.
Every noncrossing tree can be decomposed into the root and a sequence of so-called but-
terflies, which are pairs of noncrossing trees joined at a common root. The roots of these
butterflies are the children v;,,v;,,...,v;. of the root v;. One part of the butterfly rooted
at vy; contains all those vertices whose indices are less than or equal to than 4; (i.e., vertices
vs with s < 4;), the other contains all those vertices whose indices are greater than or equal
to i; (i.e., vertices v, with s > ;). We refer to them as lower and upper part of a butterfly;
they only have the vertex v;, in common. See Figure [3] for an illustration.

Each of the two parts of a butterfly can be seen as a noncrossing tree. However, because
of the definition of k-noncrossing trees, which involves the order of the vertices on the circle,
the two parts are slightly different. The upper part containing vertices v, with s > i; forms

17
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lower part
Vig (%A

upper part

O

Uig

Figure 3: The butterfly decomposition.

a proper k-noncrossing tree. However, the lower part is only almost a k-noncrossing tree:
the rule on labels not adding up to values greater than k + 1 does not apply to the root
edges (for all other edges, the rule is exactly as it is in a proper k-noncrossing tree). Thus
the lower part is not necessarily a proper k-noncrossing tree, but it always becomes one by
changing the root label to 1 (if it is not already 1). This is because a label 1 can always be
paired with any other label along an edge. Thus we find that a butterfly with root label r
has generating function
N, N

1z
The first factor represents the upper part of the butterfly, the second factor the lower part,
but excluding the root. This is achieved by the denominator.

Arguing as in the previous section, we see that a k-noncrossing tree with root label r
has branches that are butterflies with root labels in [k 4+ 1 — r|. Thus

T2

- %(Nl + Ny + -+ Npjpr-r)

N J
NT:J}TZZ<E<N1+N2+"'+NI¢+1r)) = (12>
Jj=0

for all r € [k].

We use the same expressions Fj ;(t) and Gy ;(t) as in the previous section. The substi-
tution, however, will be slightly different. In analogy to (@), we set

zB
Ny =z14/ Fer(B)' (13)
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Again, it is not hard to verify that there exists a suitable power series B that satisfies this
equation, and that it is unique. Next, we prove an analogue of Proposition 211

Proposition 3.1. The power series N1, No, ..., Ny can be expressed in terms of B and the
variables x1,xo, ...,z and z in the following way: for 1 < h <k,
h—1
Ny, = F HFIH )_1HGk,z‘(B
ka i=1
h

Nit1-ph = Tpq1-n% H Fy.:(B) H Gri(B)~

i=1

Proof. The proof is analogous to that of Proposition 2.1 by induction on h. For h = 1, the
first equation is exactly our substitution (I3]), while the second equation follows from ([I2])
for r = k and an application of (3):

N T2 TLZ z,2Fy1(B) x2Fy1(B)
B= TN T @B F(B)—m:B  Gri(B)
1- 2 - k1(B) — 71 k1(B)

For the induction step, use (I2]) with » = h and r = h + 1 respectively, which yields

N T2
1——(N; + N N,
xlz( 1+ No+ -+ Npy1op) = Nh’
N ThilZ
1— ZL(Ny 4 Nyt - Nypy) = 222
Iz Nit1
Now take the difference:
NiNgj1n  Thp1z xRz
= — ) (14)
T12 Nthl Nh
After some manipulations, this gives us
. Tph412
Npy1 = NiNgi1-n + Tpz (15)
Tz Ny,

Now it only remains to apply the induction hypothesis and simplify:

Thy12
Nh+1 =

2 h h _ zF) 1 h— _
VA eron i Fii(B) [Iisy Gra(B) ™ + /=5~ T, Fua(B) T Gra(B) !

h
Th+1

- F Gri(B

Tpr1-nB + G p(B) Fm H g Zl_Il ci(B)

h

— l‘h-i—l Fk X H Fri( H Gr.i(B)

F
kht1(B iy

19



h+1

h
= Tpt1 Fm HF]CZ B) ' [[Gri(B
i=1

Likewise, replacing h by k — h in ({I4]) gives us

NiNwy1  Tpp1-pz Tpon?

12 Nivion Neon
Thus
N . Ll—_h<
k=h = gy pz _ NiNpsri '
Nigt1-n z12

Now plug in (5] and apply the induction hypothesis. Again, we obtain the desired formula
after some further manipulations. O

Corollary 3.2. The power series B satisfies the equation
[k/2] [k/2]

—ZFkl Hsz Hsz

Proof. In analogy to Corollary 2.2, we use the two representations for IV, provided by
Proposition B.1}

h—1 k+1—h k+1-h
Nh = F H sz )71 H Gkﬂ(B) = ThpZ H Fk,Z(B) H Gk,z(B B
V ka i=1 i=1 i=1

Applying the symmetry relations (), we get

h-1 k41 k
\/THF]CZ )_1HGk,z(B):\/z H Fk7Z(B)HGk,Z(B -
e =1 i=h+1 i=h

Squaring and simplifying yields

k+1

k
= z[F1(B Hsz )2HGk,@'(B)72
i=1

Applying the symmetry properties as well as ([5]) once again, we arrive at the stated formula:

[k/2] [k/2]
= 2Fjq( H Fiei( H Gl
As in the proof of Corollary 2.2] h was arbitrary in these calculations. O

We are now ready to prove the second main theorem of this paper. It is very similar
to the proof of Theorem [T with some small modifications.
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Proof of Theorem[L.2. As before, we apply the Lagrange-Bilirmann formula, based on Propo-
sition B.J] and Corollary We start with the case that h < [k/2]. In view of Proposi-
tion B.I] and Corollary B.2] we can apply (@) with

[k/2] Lk/2]
O(t) = Fia( H Fra(t H Gk,i(t)_4
=1

and

) = M&IID% T,

but we have to take the coefficient of 2"~1/2 in view of the factor /2 in the formula for Nj,.
Once again, we apply logarithmic differentiation to determine the derivative of f(¢). We
find that

So we have
2t 2Ny = Y2l () R()

2 1
- tn73/2 41 . gk - F i t —1 G i t
o — 1[ ayt el tF1 (1) 1;[ ki(t) H ki(t)

1 "o 1
<2Fk,1(t) + 2; Falt) Z G;m(t)>
[k/2] Lk/2]

y (t)3n—3/2 H Fk,z(t)4n 2 H Gk,i<t)2_4n

9 [k/2] Lk/2]

4n—2
=5 1[15"711’? x eh L. ( H F(t H Gk,z-(t)A)
i=h

i=h+1

4An—3




We remark that we are applying the Lagrange-Biirmann formula, somewhat unusually, in
a situation where we have half-integer exponents in our power series, but it is not difficult
to verify that it works equally well. At this point, we drop the variable ¢ again (by setting
t = 1), since we know that the coefficient of g f;h L i’c is only nonzero when

0+ -+ 0, = n. We will also write Fy; and Gy, instead of Fk,z( ) and Gy ;(1) again.

As in the proof of Theorem [IT], we observe that Fj 1, Fio, ..., Fipand G 1, Gio, ..., Gpp-1
are the only factors that contain the variable x;. Moreover, using logarithmic differentia-
tion once again, one finds that

5 b bt tn

a—%F,f"l_2<H Fi H G;}) 3
. 4n—3 3n—2 1 — 1

= (4n — F/§12<HF’“HG’“) (ZLTLT—L—%+Zsz_ZGkZ>

Now we split the expression in ([I6]) into two parts, one of which can be seen as a derivative
with respect to x; in the same way as in the proof of Theorem [LIk

n £ 2 2 ¢ b1 = ke 4n—2
i=h+1 i=h
h h—1
4n—3 3n — 1 1
e (eadled) (G gm )
k1 H g H kit 4n — 3 Fm ;Fk,z — G,
5 k/21 Lk/2) s
-1
BTl < I 7 H Gk,i)
i=h+1
4n—3 2n —1
173n 2< F z G- ) e -
k,1 I]: k :[I ki 4n/—-3)FkJ
[k/2] Lk/2]
2€h 1 4An—2
_ . Py )
Gn =1 =" A1 11 A HG’“
i=h+1
h h—1 i3
Fn(TTAaTT 6
i=2 i=1
. k/2] (k)2 s
0 -1
—m[% BRI ( 1T Fk‘lHGk‘Z>
i=h+1 i=h

h h—1 dn—3
Fr (TR TT6l)
k1 ki k.i :
1=2 i=1

Now we can extract coefficients from both products in the same way as in the proof of
Theorem [L.2], i.e. by considering the variables in the order xi, xy, T2, Tp_1,. . ..

22



The derivation of the formula in the case that h > [k/2] is similar: we start from the
representation

k+1—h k+1—h
Nh = ThpZ H FkJ(B) H G]m‘(B)_l,
i=1 i=1

which means that we can apply the Lagrange-Biirmann formula with

k+1—-h k+1—-h

t) = H Fy(t) H Gra(t)™

and the same function ® as before. In view of the factor z in the expression for N, we
have to extract the coefficient of z*~1. Thus

k+1—-h k+1—h

1 :c
n, At 1 _ n=2,0 *h ()1
[yt )Ny = —— [y H Fi(t) Hl Gra(t)
(z e
= Grilt) I Fralt)
[k/2] [k/2] An4
3n 3( H Fk‘l H le )
1 [k/2] [k/2] And
n— E lp—1 l
:m[t IR TR kk]( H F(t H Gh.i(t) )
i=k+2—h i=k+2—h
k+1—h k+1—h i3
F (t)3"_2( IT 5.0 T G,“(t)‘l)
=2 i=1
k+1-h k+1—h

As before, we drop the variable ¢t now and write Fy; and Gy ; instead of Fy;(1) and Gy ;(1).
The appropriate split in this case is

1 [k/2] [%/2]
et Ny = —=laft )T B IT GR

1=k+2—h i=k+2—h

Fz?f{”( H Fi 1—[_ Gk;)zln—g

=2 i=1
(kih 1 B kih 1 B 3n — 2 )
i1 Gk,i o Fk,i (4n — 3)Fk 1

[k/2] Lk/2]

_nil[xfl...xihl ( II & ] G

1=k+2—h i=k+2—h
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ktl-h  ktl-h s 01
3In—2 —1
e < 211 Fl @1;[1 Gk,i) n —3)Fp,
[k/2] Lk/2]

:(n—l)g(lzln—?))[ 41 11 A I1 e)™

i=k+2—h i=k+2—h

k+1-h k+1—h

F,fgzﬁ( H Fi. H Gkﬂl.)%_g
=2 =1

1 [k/2] lk/2]
Lp—1
_4 _3[£1' ‘rhh < H Fk‘l H G
i=k+2—h i=k+2—h

k+1—-h k+1—h

Pfﬁ—3< II Fi. II Cﬁj>4né
=2 =1

Once again, we can now extract coefficients from both products following the order of
variables x1, xy, To, Tp_1, . . ..

Finally, we consider the generating function for all k-noncrossing trees, which is

ZF]CJ(B) _ ZFkJ(B)
B B

Iz 1z
Ny Nyt N = 22 (1-—):
1+ No+ -+ Vg N, N,
in view of (I2) (for r = 1) and (I3)). So we can now apply the Lagrange-Biirmann formula

to the functions fi(t) = 4/ F’“Tl(t) (extracting the coefficient of z"~'/2) and f,(t) = Feat)

¢
(extracting the coefficient of 2"~1), again with the same function ® as before. O

As in the previous section, we can now derive a number of corollaries.
Corollary 3.3. For every integer n > 1, the total number of k-noncrossing trees with n
vertices s
1 (2k+1)(n—1) 1 2k+1)n—Fk—1
n—1 n 2n — 1 n '

The number of k-noncrossing trees with n vertices whose root is labelled h is

k+1—nh 2k+1)n—k—h—1
2kn —k—h+1 '

n—1

Proof. We follow the lines of the proof of Corollary 2.3l Setting 1 = 29 = -+ = 2 = 1,
recall that we have

1 k 1—t k
Fra(t) = even, 4 Gri(t) = even,
1+t kodd, 1 k odd.

We show the calculations in the case that & is even (the other case is similar once again),
where we obtain

N, = VzB(1 - B)"!

24



and

y4 y4 y4 ya
Ny+ Ny + - N:—(l——):,/———,
L Np e N, N, B B

where B satisfies the implicit equation
B =z(1—-B)"?.
We apply the Lagrange-Biirmann formula to find that

"Ny, = [z""*]VB(1 - B!

1 1
= —[t" ¥ ——(1 — (2h — D)t)(1 — t)"72(1 — )" 2*(=1/2)
n_%[ ]Qﬂ( ( (L =) (1 —1)
1
= (1 = (20 — D) (1 — ) 2kntk+h—2
(1= (2h - 11— 1)
B 1 2k+1)n—k—nh 2h—1/2k+1)n—k—h—1
C2n—1 n—1 on —1 n—2
B k+1—nh 2k+1)n—k—h-—1
C 2%kn—k—h+1 n—1
and similarly
[Zn](Nl _'_]\/-2 4. "‘Nk) — [anl/Q]Bfl/Q . [anl]Bfl
_ 1 : [tn_3/2]( _ lt—3/2)(1 _ t)—2k(n—1/2)
1
_—tn—2 —t_2 1_t—2k(n—1)
(D))
1 1
— 1" 1_t—2kn+2k_ " 1_t—2kn+k
—— ()1 -1) ——[")(1-1)

1 ((2k+1)(n—1)) 1 ((2/<;+1)n—/<;—1)'

n -1 n

Next, we count k-noncrossing trees by the number of occurrences of a single label.

Corollary 3.4. For every n > 1, the total number of k-noncrossing trees with n vertices
of which £ are labelled h is equal to

n—~{

nilz(4(h—1)(n;1)+T—1)(3n—£3—r) (2(k+;:fh_)(€n—1))

r=0

- 2n1_ : "é <2(h - 1)(2nr— 1) +r— 1) (?m _; - r) ((k: + 1n_—2f)—(2gn - 1))
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if h < [k/2], and equal to

1 t:(Mh 4h + 3)( n—l)(n+r+£—2)(Mh—Qk—@Ow—D—r—E)

—1 n—r—/{¢

_2n—1r:0 14 n—r—»¥¢

otherwise.

Proof. Let us give the proof in the case that k is odd and h < [k/2] = & The other
cases are similar. Set all z; except x; equal to 1. As noted in the proof of Corollary 2.4

we have

F'(t): 14+ xpt Zgh, and G ~(t): 1+(l‘h—1)t i<h,
ot 14+t  i>h, i 1 i>h.

Now we have to determine

Fi.1(B Fi.1(B
[N+ Ny + - +m>w%( “ﬁ)—zﬁ)> (1)
We note that
0RO _ 1
ot t 12
and
8 Fk@(t) o 1 Fk71(t) —-1/2 8 Fk,l(t) . 1 —1/2
ot t _5( t ) ot t __2t3/2Fk’1(t) '

Using the Lagrange-Biirmann formula once again, we find that

n, L ZFkJ(B)
[2"z,] B
Fra(B)
_ [,n—1/2, 0 k.1
[2 )] B
[k/2] Lk/2]
1 1 n—1/2
=gt (= g ) (Fa® [T ) T Gete™)

2

1
= =g (L o) (1 ) TV (1 ) IO
n —

)
(1+t)2(k+1 2h)(n—1/2) (1+(xh )) 4(h—1)(n—1/2)
- 1 1[t"xz]( 4 ant)® (1 + t) (h—1)(2n— 1)(1+t>(k+1 2h)(2n—1)
n_
(1+(xh_1)) 2(h—1)(2n— 1)
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Now we extract the coeflicient as follows:

n, L ZFkJ(B)
"] B
+ —2(h—1)(2n—1)
_ Mt <1 _ ) 1 £)3n=2(1 4 ) (k+1-2h)(2n—1)
o 1l 1+ apt (14t (1 +1)
2(h—1)(2n -1 —1
_ _2 - [tnl’fl] Z < ( )( n ) +r )tr<1 + xht)3n72fr(1 + t)(k+172h)(2n71)
e r>0
2 - Z( 2n — 1 ]-) tn o 1 Ty t)?m 2— 7’(1 +t)(k+1 2h)(2n—1)
n —
2(h 2n—1+r—1)<3n—2—7’) s e 1—2h) (2n—1
> [t (1 + ¢)*F-2 D)
2n—1 = (
B "zf 20h—1)(2n—1)+r—1 3n—2—7“ (k+1—2h)(2n —1)
B 2n -1 n—r—{¢ '
Similarly, we obtain [z”xf;]ZF’“TE(B) We have
no 012861 (B) o gy Fra(B)
g ) [t Pl
1 [k/2] k/2] 1
:m[tn_Ql‘ﬁ]( )(Fkl H F]“ H le )
1
= —— 1 [t"xfl](l + xht)3n—3(1 + l‘ht)4(h_1)(n_1)
(1 + t>2(k+1—2h)(n—1)<1 + (xh . 1)t)_4(h_1)(n_1)
1 t —4(h=1)(n—1)
_ ol (1 _ ) 1 £33 (1 4 4)2(k+1-2R)(n—1)
— i) (1- (1 + o)1+ 1
1 4h—1)(n—1 -1
_ - [tnl’i] Z ( ( )(n ) +r )tr<1 + xht)3n73fr(1 + t)2(k+172h)(n71)
n— r
r>0
1 4h—1)(n—1 —1
_ - Z < ( )(n ) +r )[tnrl,fl](l + xht)3n73fr(1 + t)2(k+172h)(n71)
n— r
r>0
1 4<h—1)(n—1)+r—1 n—3—r —r—d 2 _ —_
n—1 ;0 ( r 14 | Ja+1)
1 "Z‘z Ah=1(n=1)+r—1\/3n—=3—7r\ [2(k+1—2h)(n—1)
- on-—1 — r l n—r—~{ '
Now, we combine the two by means of (7)), and the result follows. O
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Corollary 3.5. For everyn > 1, the average number of vertices labelled h in k-noncrossing
trees with n vertices is

2k +1)n—(k+1)

<?m_2_2(h—1)(n—1)+ 2(k + 1 — 2h) E)>7

k _ (2kn+n—2k)
(2k+1)(2 (2kn+1—2k)

where mF = m(m +1)--- (m+ k — 1) is the rising factorial. Asymptotically, this is equal

3k+2-2h k+1-2h
to S T @k 1222 1) + O(1/n).

Proof. We only consider the case that k is odd and h < [k/2] = %, as in the previous
proof. As in the proof of Corollary 2.5 instead of extracting coefficients, we take the
derivative with respect to x; and plug in x;, = 1 in order to determine the total number of
vertices labelled h in all k-noncrossing trees. All other variables x; are immediately taken

to be 1. This results in

"M—(Ny+ Ny+---+ N
[Z ]al'h( ! + 2 + + k) r1==x=1
1 3}
_ m 1 £)3n=3+4(h=1)(n=1) (1 4 4)2(k+1-20)(n—1) (1 — 1)) Hh=D)(n-1)
[+t (1+1) (1 (= 1)1)
1 n 0 3n—2+2(h—1)(2n—1) (k+1—2h)(2n—1) —2(h—1)(2n—1)
S [t ]—6xh (14 zpt) (1+1¢) (1+ (xp, — 1)) -

= [7)t(3 — A(h — 1)t) (1 + 1)@ OE-D-1 _ ]y @Z —2 o~ 1)t) (1 + ) +im—k-2

:3((2“12&(2;1)—1) _4<h_1)<(2k+17)l(ﬁ;1)—1> - 22:%(2“32;%_2)

n—2

(2k+1)n—2k:—2)  (3nk =2k —2(h— 1)(n—1)) <(2k+1)n—k—2)

+2<h_1)<(2k+1)n—k3—2>

n—2 n—1 n—2

:2(3k—2h+2)<

Dividing by the total number of k-noncrossing trees, we obtain the stated formula after a
number of simplifications. O

As noted for k-plane trees, it is also possible to derive formulas for the variance of the
number of vertices labelled h, as well as covariances of two different label counts. Moreover,
one could also take the root label into account in Corollary [3.4]and Corollary B.5l However,
the formulas for k-noncrossing trees are even more complicated than for k-plane trees.
Instead of stating the most general result (which would be rather lengthy), we only present
the special case k = 2.

Corollary 3.6. Let n > 1. Variances and covariances of the number of vertices labelled
1,2 respectively in 2-noncrossing trees with n vertices are given in the following table:
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| 1 2

1 3(2n—1)(4n—3)(49n2 —100n+44) 3(2n—1)(4n—3)(49n% —100n+44)
25(5n—6)(7n—>5)2 B 25(5n—6)(7Tn—>5)2
9 _3(2n—1)(4n—3)(49n> —100n+44) 3(2n—1)(4n—3)(49n? —100n+44)
25(5n—6)(7Tn—>5)2 25(5n—6)(7Tn—>5)2

Proof. We recall from the proof of Theorem that

1
(a2 (Vs + V) = ——— [ B0 — [t )P (1) (),

n—1 2n—1

where
F2,1<t) =1+ (.Tl — .TQ)t

and
D(t) = (1 + (1 — 22)t)*(1 — ot)™*

in the special case k = 2. Again as in Corollary .6l for us to compute the variance of the
number of vertices labelled h, we need to first compute the second moment, which is

2
[2"]8‘97%(1\]1 + No)lay=ea=1 + [2"] 50 (N1 + No)loy=ao=1
[27] (N1 + N2) oy =zp=1 ’

(18)

and then subtract the square of the mean. Likewise, the mixed moment of the number of
vertices labelled A and the number of vertices labelled 7 is

2
[zn] Bx(zaa:i <N1 + N2)‘331=$2=1
[2"](N1 + No)loy=gpm1

from which we subtract the product of the means to obtain the covariance.

Again, we only show the calculations for the variance of the number of vertices labelled
1 explicitly. The other entries follow automatically in this case, since the sum of the number
of vertices labelled 1 and the number of vertices labelled 2 is deterministically equal to n.
We get

]2 (V14 Ve
Inilﬁﬂ%n—wﬁn—Qﬁﬂ—i)%1”—2nilwwwr—m@n—aﬁu_w<M2>
= 3(an - (1 - gyt - BLEBO =D oy gy
- on — 17 (3n —2)(3n—3) (bn—5
_3@n—®<n_2>_ e <n_2)

We already found earlier that

0 5n — 6 3n—2(bn—4
" Z Ny + Noloyeaper = 3 -
e <n—1) 2n—1(n—1)
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and

)V + No) ey = — (5”‘5)— ! (5”‘3).

n—1 n 2n — 1 n

Plugging everything into (I8) and simplifying, we find a formula for the second moment
and thus in turn for the variance. O

Corollary 3.7. Let n > 1. The average number of vertices labelled 1,2 respectively in
2-noncrossing trees with n vertices whose root is labelled 1,2 respectively is given in the
following table:

1 2
3nZ—n—1 2n2—3n+1
root label 1 T T
root label 2 3"T’ %

Proof. We recall from the proof of Theorem that

ZElB(l — IL‘QB)2
(I + (21 — 22) B)*’

l‘gB(l — ZL‘QB)B

M= L+ (01 —22) B

Ny =

with
B =2(1+ (21 — 29)B)*(1 — 2,B) ™.
In order to determine the desired mean values, we need the coefficients of the partial

derivatives %Ni\m:mzl. We will show the details of the calculations in one of the cases
again: the number of vertices labelled 1 in 2-noncrossing trees whose root label is 1. Since

0 x1t(1 — zot)? 21(1 — 2ot) (1 — 21t — 2wt — 1191 + T31?)

ot (1+ (z1 — 2)t)? (14 (21 — 22)t)3 :
we have

[Zn]N _ 1 [tn—l]xl(l - 1‘275)(1 — a1t — 229t — :Ell‘th + :E%tQ)
| = —

n (1+ (x1 — xo)t)?

(]_ + (IL‘l — ZL‘Q)t)gn(l — ZL‘Qt)_4n.

Now differentiate with respect to x; and set 1 = x5 = 1:

i[;;"]N1 — l[t"‘l] (1+(Bn—"7t—(9n—28)t) (1 —t)'*

axl $1::L‘2:1 n

=) v e ()
2(3n2 —n — 1) <5n - 5)
(=1 =2\n-3)"

Dividing by the total number of 2-noncrossing trees with n vertices and root label 1, which

is 2n£1 (5::14), we obtain the mean number of vertices labelled 1. O
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