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Abstract— In option pricing the rate of change of asset
price with time can be viewed to be directly proportional
to the Walrasian [6] excess demand. Scholars such as
Jacques [3] and Onyango [4], have used the excess
demand concept with linearised demand and supply
functions to derive and solve both deterministic and
stochastic logistic differential equations for stock price.
The underlying assets in option pricing are unique and
can be seasonal and periodic like for electricity, water and
other ‘weather’ derivatives. In this paper we develop and
solve both deterministic and stochastic logistic differential
equations for option pricing using the excess demand
concept but with a linear demand function and a seasonal
and periodic supply function.
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. INTRODUCTION

An option is a contract that gives the holder a right to buy
or sell an underlying asset. The underlying assets include

stocks, stock indices, foreign currencies, futures
contracts, interest rates amongst other financial derivatives. A
call option gives the holder the right to buy, while the put
option gives the holder the right to sell the underlying asset by
a certain date for a given price. The price at maturity is called
the strike price. American options are those that can be
exercised at any time up to the maturity date, while European
options can only be exercised on the maturity date [4].

The law of demand states that the quantity of an asset that
buyers are able and willing to buy in a given time increases as
the price of an asset decreases, while the law of supply states
that as the price of an asset increases, the quantity of an asset
that sellers are able and willing to sell increases in a given
time, all factors constant [3]. The interest of traders and
investors is always to know the asset price at any time and the
equilibrium price.
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1. DETERMINISTIC MODELS

Walras [6] proposed that market equilibrium could be
realized through a price adjustment process in which
consumers and producers interact through a central
“auctioneer’ who adjusts the general price levels towards the
equilibrium price based on excess demand. Since trading
takes place continuously and prices are also adjusted
continuously per unit time, Samuelson [5] derived a family of
differential equations based on this excess demand of the
form;

das;i(t) _

TR KE[S;()] = Ki{Qq[S: ()] — Qs[S; ()]} 1)
where i = 1,2 .....n, K; is a positive rate of adjustment of the
market to changes in supply and demand, S;(t) is the asset
price at time t, Qg is the quantity demanded, Q, is the
quantity supplied and E[S;(t)] is the excess demand function
given by {Qq[S; ()] — Qs[S: (D)1}

When supply exceeds demand (surplus or excess supply),
B s negative and the price reduces. When the demand

exceeds supply (shortage or excess demand), dfl—(:) is positive
as(t)

and prices increase. When supply equals demand, — = 0

and the price is at market equilibrium leading to an
equilibrium price (§*) such that;

QalS™ (0] = Qs[S™ ()]

From equation (1) we have a particular fractional rate of
increase of asset price proportional to excess demand given
as;

1ds(e) _

so a = KEBSO = K{QalS®] = 0[SO}, @)

where K is a constant and E[S(t)] is the excess demand
function.

Considering linear demand and supply functions about the
equilibrium, let

QulS(®)] = a[S* — S(¢)] and
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Qs[S(®)] = —B[S* — S(t)] where « and B are constants,
Q4[S(t)] is a decreasing linear function of S(t) , a > 0,
Q,[S(t)] is an increasing linear function of S(t) and 8 > 0.
Substituting these linear demand and supply functions about
the equilibrium in equation (2) we have a deterministic
Velhurst logistic first order ordinary differential equation;

LO = s[5 - 5©)] ®)
where r = K(a + ) is the asset price growth rate and if
S* = S(t) thenr = 0.

Solving equation (3) given the initial condition that at time
t =0,S5(0) =S, the asset price;

SpS*

(S* _ SO)eTS*(t—t()) + SO
wherer,t > tyandast - «, S(t) - S* [4].

S(t) =

If we let demand be positive and a linear monotonically
decreasing function of price of the form;

QuS(t) = a—bS(£),0 < S(t) <3 (@)

and supply (purely a function of time (¢t))
to be a seasonal and periodic function of the form;

Qs =c(l—cosat),t=0 (5)

where a, b, c and « are constants.

When we substitute both equation (4) and (5) in the excess
demand function equation (1), and with u replacing K we
derive a periodic deterministic logistic first order differential
equation of the form;

%(:) = ula —bS(t) — c(1 — cos at)] (6)
Rearranging equation (6) we get;

das(t)
dat

+ ubS(t) = ula — c + cos at)] @)
Using the integrating factor method, let;
I(t) — efubdt = ehbt+ca — pubt 4 ocp

where ¢, is a constant of integration.

For a homogeneous solution, e2 = 0 , which implies that
1(t) = ehPt, therefore;

S(t) = e™HPt [ ePt[y(a — ¢ + cosat)dt + ¢4] (8)

Expanding and integrating equation (8) term by term we
have;

S() = % + uce Mt [ ehblcosatdt + c e HPt 9)
Evaluating the integral on the right hand side of equation
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(9) gives us;

eubt

f etbicosatdt = (ubcosat + asin at) + ¢4

(10)

‘u2b2 + a?

where c¢; is a constant of integration. Substituting equation
(20) in (9), simplifying and merging the constants of
integration to c; we have;

a—=c¢ c
S@) = P ~hbt

b u?b? + «a

> (ubcosat + asinat) + ce

(11)

Taking the initial conditions; at t =0, S(t) =S, and
making c; the subject of formulae;
a—c u?bc

b u?b? + a?

C1=So_

Substituting ¢, in equation (11) we get the homogeneous

solution;

5y = (5= ST C - PC ) e A7
“\O T Ty Tz az)f b

m (ubcos at + asinat), u, t

0

v+

(12)
The last term of equation (12) can be simplified to;

uc . uc .
> (ubcosat + asinat) = ———=sin (at + 0)
/MZbZ + OfZ
where 8 = tan™

ub% + a
1KD
a

Hence the homogenous solution (equation 12) can also be

written as;
2
a—-c u”bc a-c
= — — —ubt
*© (SO b ulb?+ a2> T
+\/2b?+zsin(at+0), wt=0
U a
(13)
Note that:
2
. a—c ubc b
ll‘r’?‘?(so_ b _u2b2+a2>e -0
and equation (13) becomes;
S t a-c /.le 1 t 9
) = b +\/msm(a +6)
where the equilibrium price, §* = ==
If we let P = \/%sin (at +6)

The key features of this periodic deterministic logistic
equation with a positive growth rate is that, first the values of
. . . uc .
S(t) oscillate with an amplitude of T and a period of
2 , secondly for all S(0 > 0), lim,,,S(t) =S*+P and
finally if S(0) = S*, then S(t) = S* forall t > 0.
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1. STOCHASTIC MODELS

Black, Scholes and Merton [1] were the pioneer scholars in
the use of stochastic models in option pricing. They used the
geometric Brownian motion given by the equation;

dS(t) = uS(t)dt + oS(t)dZ(t)

where S(t) is the asset price at time ¢, u is the drift, o is the
volatility and dZ(t) is the standard Wiener process (that is
dZ(t) = eVdt and e~N(0,1)) to find a theoretical estimate of
the price of European-style options. This model has been
modified and applied by many other scholars and practitioners
since 1973. [2], [7].

Considering the stochastic effects in the Walrasian market
equilibrium Onyango [4] modified equation (3) as follows;

1 ds(t) N
SO ar h(a + 6a+ B+ 6B)(S™—S(t)) (14)
where a and B are the elasticity of supply and demand
respectively, da and 68 are cumulative random shocks during
a trading period dt and h is a constant.

Applying Wiener process conditions, let h(da + 8B) =
odZ and p = h(Sa + 6B) where ¢ is the volatility of the
underlying asset price and u is the drift rate. Equation (14)
becomes a stochastic logistic Brownian motion equation for
the asset price given by;

1 ds()
S@) (s*-s(0)

= udt + odZ(t) (15)

where S* # S(t)
The solution to equation (15) is;

S50S*
50 + (5* — So)exp—(;LS*(t—to)+aS*Z(t))
wherer,t > 0. [4].
The stochastic counterpart of equation (6) is;

Si) =

ds(t)
(a—bS(t) — c(1 — cosat))

= udt + odZ(t)
(16)

Let Y = (a — bS(t) — c(1 — cos at)), then substituting for
Y in equation (16) we have;

dS(t) = uYdt + oYdZ(t) a7
Note that 2~ = —b, therefore dS(t) = 2 hence equation
ds(t) -b

(17) can be written as;
dY = —buYdt — boYdZ(t) (18)

Integrating equation (18) in the time interval t, <t; we
have;

InY(¢t;,) —InY(ty) = —bu(t; — to) — boz(t), Z(0) =0
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which can be simplified to;
Y(t) = Yoexp Pt +oZ(td] y (¢)) = ¥, (19)

Taking t =0, Y, = a — b(S,) and substituting for Y and Y,
in equation (19) we have;

a—bS(t) — c + ccosat = (a — b(S,))exp PIHti=to)+oZ(t))]
(20)

Making S(t) the subject of formulae equation (20)
becomes;

S@t) = a—c ccosat 3 (a— b(50))exp_b[ﬂ(ti—t0)+0'2(ti)]
b b b
(21)
where y,t > 0.
Note that S(t) ~S* F<2% a5 t > where the

_ . . a-b
equilibrium price $* = 'ZT

Iv. CONCLUSION

We have succeeded in formulating and solving both
deterministic and stochastic logistic differential equations for
option pricing of assets whose supply is seasonal and periodic
using the excess demand function. Although we have
assumed that asset supply is purely a function of time and
takes a periodic form with a constant amplitude and period
this may not always be true.
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