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Abstract: The notion of the numerical range has been generalized in different directions.
One such direction, is the maximal numerical range introduced by Stampfli (1970) to derive
an identity for the norm of a derivation on L(H). Unlike the other generalizations, the
maximal numerical range has not been largely explored by researchers as many only refer
to it in their quest to determine the norm of operators. In this paper we establish how the
algebraic maximal numerical range of elementary operators is related to the closed convex
hull of the maximal numerical range of the implementing operators A = (A1, Aa, ..., An),
B = (Bi1, Bz, ..., Bn), on the algebra of bounded linear operators on a Hilbert space H. The
results obtained are an extension of the work done by Seddik [2] and Fong [9].
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1. Introduction

For a bounded linear operator T on a Hilbert space H, we denote the set
of bounded linear operators on H by L(H) and define the numerical range
implemented by the operator 7" by W(T) = {(Tz,x) : ||z| = 1}. It is clear
L(H) is an algebra when multiplication is pointwise defined. In fact it is a
C*—algebra with the Hilbert adjoint defining an involution on L(H). For more
information on numerical ranges we refer the reader to [3], [4], [5] and [7] and
for C*—algebra we refer to [14], [15], [16], and [17].

The concept of maximal numerical range was introduced by Stampfli [8] in
proving the norm of a derivation.

Definition 1. The maximal numerical range of 7' € L(H), denoted by
Wo(T) is the set

Wo(T) = {X: (T, xn) = A 2all = 1, [Tl = (1T}

When H is finite dimensional, W,(T") corresponds to the numerical range
produced by the maximal vectors (vectors x such that [|z| = 1 and ||Tz| =
17°[])-

The Joint maximal numerical range of A = (A1, Ag, ..., 4,) is given by

Wo(A) = {{Ai} € C" : (Aiwn, wn) = Xis [[enll = 1, | Aszn]| = [JAil}

for 1 <i<n.

If o/ is a C*-algebra with identity I, a € & and & its dual space, we
denote by S(&7) = {f € &* : f(I) =1 = | f||}, the set of states on 7.

The algebraic numerical range of an element a € o is the set

Ve o) ={f(a): feS()}.
So(a, o) = {f f(I)=1=|fll, f(a*a) = HaHQ} is denote the set of max-
imal states on 7. We introduce the following definition:

Definition 2. The algebraic maximal numerical range, denoted by V,(a, &)
is the set {f(a) : f € So(a, o)}

Let A = (Al, Ag, .., An) ,B = (Bl, Bs, ..., Bn) be two n-tuples with A;, B; €
L(H) for 1 <i<n.

The elementary operator R4 p associated with A and B is the operator on
L(H) into itself defined by

RA,B(X) = A1 XBy+AXBy+---+ A, XB,,VX € L(H)

For T} and T3 in L(H), we have the following examples of elementary operators:
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i) the left multiplication operator Ly, defined by L, (X) = Th X,VX € L(H);

ii) the right multiplication operator Ry, defined by Ry, (X) = XT5,VX €
L(H);

iii) the elementary multiplication operator M, 1, = L1, Ry, defined by
My, 1,(X) =T XT,,VX € L(H),
i.e. the elementary operator of length one;
iv) the inner derivation Ap, defined by Aq (X) = T1X — XT1;
v) the generalized derivation A, 7, defined by Ap, 7,(X) =T1 X — XTs.

Symmetric studies on elementary operators begun in the late 1950’s with Lumer
and Rosenblum [6] establishing their spectral properties and applications to
systems of operator equations. More results on their spectral and structural
properties are found in, [10], [11], [12], and [13].

If A and B are n-tuples of commuting operators on H, W (A), W (B) the
usual numerical ranges of A and B, V(R4 p) the algebraic numerical range of
R4 B, then:

(i) [1] establishes that the numerical range of an elementary operator acting on
the Banach space of the p-Schatten class operators on H,(%,(H), |.|,,),for
p > 1, satisfies the relation co(W(A) o W(B) C V(R,(A, B));

(ii) in [2] it is proved that

co{z )\Zﬂz} C V(RA,B):

=1
where ()\1, ,)\n) S W(A), (51, ,,Bn) S W(B)

In this paper we establish results using the maximal numerical range.

Notation. For vectors = and y in a Hilbert space H, define a finite rank
operator by (z ®y)z = (z,y)x, Vze€ H.

We take S C L(H) to be an operator algebra containing finite rank opera-
tors. For a set M, we denote by M and coM the closure and the convex hull
of M respectively.
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2. Main Result

Theorem 2.1. We have

co{z )\Zﬁz} CVo(RaB|S),

i=1

where (A1, A2, ..., A\n) € Wo(A), (51, P2, ... Bn) € Wo(B) and Vo(Ra g | S) the
algebraic maximal numerical range of the elementary operator restricted on S.

Proof. et A € W,(A),B € Wo(B).
This implies, there exist sequences {z,, },{yn} € H such that ||z,| = ||y.|| =
1 and

1i_>rn {{A1xp, ) ooy (ApTp, Tp) } = li_)m {A, s A} = N Aizn || = || A4

lim {<len7xn> PR <ann7xn>} = lim {Bla 7571} = Ba HBzxn” — ”BZH )
n—00 n—00
1<i<n.

Define f on L(S) by

f() = lim (Qzp, @ Y)zn, (Tn @ Yn)zn), V€ L(S).

n—oo

f is clearly linear and moreover
120 @ ynll =sup {[|(zn @ yn)znll - [[2nll = 1}
n
=sup {[(zn, yn)| | 2nl] : [lzn] = 1}
n

2
= l[znll” [l
=1.

Also,

[F ()] = [{Q(zn @ yn)2n, (Tn @ Yn)zn)|
= ’<Zn,yn>‘2 [(Qzp, )|
< Mzl llynll* 1922all Izl
< [lzall* 120l |z
=2, Yz = yn.
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Therefore f is bounded and || f]| < 1.
Assume I € S (S can be unitized in case its non-unital) then,
f(I) = lim ((zn @ Yn)2n, (Tn @ Yn)zn)
= lim <<Zn, Yn) T <Zn, yn> Tp)
= lim | (2, yn) | |||
4 2
= [zl llznll
=1, Vz,=uyn

Hence, f(I) =1, so that |[f(I)|| =1 < [f| = /]| = 1.
Thus ||f|| = 1.

A linear functional f is said to be positive if f(ww*) > 0 for all w € S.
Taking a sequence of unit vectors z in H we see that f is a positive linear
functional since

F(Q7) = (QQ" (20 @ Yn)zn, (Tn @ Yn)2n)
= <Q*(xn & yn)zna Q*({rn & yn)zn>
= [|"(zn ® yn)an2
=[|27|* > 0.
Since f is a positive linear functional of unit norm, it follows that f is a state

on L(S).Moreover, f is clearly a maximal state.
Recall now that

Ras( ZA XB; = A1XBy + Ay XBy + -+ A, XB,,vYX € L(H)
=1

Thus for X € .S we have,

($asm) -
i=1

$n & yn)B Zn)

=1

:HM:

f

n

(f(Aan) <Bizna yn>)
1

Il
/\/—\

(2

f(Azxn)g(Bzyn)a Van = Yn

I

=1
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= Z)\zﬂz‘ C Vo(RaB |s)

i=1

Since the algebraic maximal numerical range is compact and convex, then

CO{Z Ai@-} C Vo(RaB). O

i=1
Corollary 2.2. Let A € L(H). Then Vo(Ly) = Vo(Ra) = Vo (A).
Proof. If A is an operator on a Hilbert space H, Fong [9] has showed that
Vo(A) = W5 (A). The inclusion V,(A) C Vo(L4) follows from this and the above

theorem.
Now let A € V,(L4). Then there exists f in (L(L4))* such that

f(La) =X f(I)=1=|f]
and
F(LALA) = || Lall*.

Define a functional g on L(H) by g(A) = f(L4). By simple computation,we
see that ¢ is a maximal state on L(H) so that g(A) = f(La) € Vo(A). Therefore
Vo(La) C V5(A). By the same argument, we find also that V,(R4) = Vo(4). O

Corollary 2.3. For A,B € L(H),V,(A) — Vo(B) = Vo(Aa B).

Proof. By the above theorem, we have W,(A) — W,(B) C V,(Aa ) and
since Vo (A ,p) is closed, then we have

(WalA) = Wa(B)) = Va(A) — Va(B) C Va(Aap).
For the reverse inclusion,

Vo (Aap, @) ={f(AanB): f€S:(L())}

={f(La—Rp): f€S:(L())}

c {f(LA) feSe(L()}—{f(Rp):[€S(L())}
Vo (La) — Vo (RB)
o(A) Vo(B).

Therefore V, (Aa p, o) C Vo(A) — Vo(B). O
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