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Abstract

Let H be a complex Hilbert space and B(H) the algebra of all
bounded linear operators on H. For A, B ∈ B(H), we define inner
derivations implemented by A,B respectively on B(H) by ΔA(X) =
AX−XA, ΔB(X) = BX−XB and a generalized derivation by ΔA,B(X) =
AX − XB, ∀X ∈ B(H). We establish the relationship between the
norms of ΔA, ΔB and ΔA,B on B(H), specifically, when the operators
A, B are S - universal.
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1 Introduction

The study of elementary operators has continued to attract the attention of
many researchers. Of special interest is the calculations of norms of these op-
erators. See for instance [1, 2, 10]. Special classes of elementary operators in-
clude multiplication operators, inner derivations, generalized derivations, basic
elementary operators among others. Surprisingly, the norm of a general ele-
mentary operator is still unresolved even for a ‘simple’ algebra such as B(H),
the algebra of bounded linear operators on a Hilbert space H. Several attempts
that have been made have always restricted these operators to specific cases. In
[1] the authors used spectral resolution theorem to calculate the norm of an el-
ementary operator induced by normal operators in a finite dimensional Hilbert
space. In [10], the norm of a basic elementary operator has been established.
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For symmetrised two-sided multiplication operators, Nyamwala recently in [2]
constructed the operator TPQk

E = PEQk + QkEP defined on a C*-algebra
C∗(P, Qk, 1) generated by projections P and Qk where E is an idempotent re-
lated to P and Qk and determined its norm as well as Hilbert-Schmidt norm.
These and much more examples provide enough evidence that the norms of
these operators still calls for considerable attention.
On the other hand, the theory of inner derivations on norm ideals has been
studied by several authors. See for instance [5, 7]. In this paper, we shall con-
centrate on a class of operators known as the S - universal operators. These
operators were introduced by L. Fialkow in 1979, see [7]. Some reasonable ex-
position on these operators was done in 2001 by Barraa and Boumazgour, see
[8, 9]. The structural properties of these operators are still not known though
their ‘beautiful’ applications have recently been explored by the current au-
thors and for details, see [5, 6].
In this paper, we purely concentrate on norms of inner and generalized deriva-
tions implemented by S - universal operators. Section 2 contains preliminaries.
Here we include definitions and elementary concepts of derivations that will
be vital in stating authoritatively the major results of the paper later.
The main results of this paper are in section 3. We establish the relationship
between the norm of a generalized derivation implemented by A, B ∈ B(H)
and the norms of inner derivations implemented by A ∈ B(H) and B ∈ B(H)
respectively. Finally, we give a necessary and sufficient condition that charac-
terizes the above relationship. We then conclude our paper in section 4.

2 Preliminaries

In order to state our results in detail, we first recall some notations, definitions
and results from literature. A derivation on an algebra B(H) is a linear map
Δ : B(H) −→ B(H) which satisfies Δ(AX) = Δ(A)X +AΔ(X) for all A, X ∈
B(H). If we fix A, then a mapping defined by ΔA(X) = AX − XA for all
X ∈ B(H) is called an inner derivation. Also for a fixed A, B ∈ B(H), a
mapping defined by ΔA,B(X) = AX − XB for all X ∈ B(H) is called a
generalized derivation. We shall denote a derivation on B(H) by Δ|B(H).
Stampfli determined the norms of these operators, see [4] for details. For
instance, for the norm of inner derivation ΔA, he showed that

‖ΔA|B(H)‖ = 2d(A) (1)

where d(A) = infλ∈� ‖A − λ‖.
In order to determine the extent to which the identity (1) applies, L. Fialkow
[7] introduced the notion of S - universal operators and went further to give
the criteria for S - universality for subnormal operators. We state the following
vital definitions;
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Definition 2.1 ([3]). A (symmetric) norm ideal (J, ‖.‖�) in B(H) consists
of a proper two-sided ideal J together with a norm ‖.‖� satisfying the following
conditions;

• (J, ‖.‖�) is a Banach space.

• ‖AXB‖� ≤ ‖A‖‖X‖�‖B‖, for all X ∈ J and all operators A and B in
B(H)

• ‖X‖� = ‖X‖, for X a rank one operator.

For a complete account of the theory of norm ideals, we refer to [11].
Let (J, ‖.‖�) be a norm ideal and let A ∈ B(H). If X ∈ J, then ΔA(X) ∈ J and
‖AX − XA‖

�
= ‖(A − λ)X − X(A − λ)‖

�
≤ 2 ‖A − λ‖‖X‖

�
for allλ ∈ C.

Hence ‖ΔA(X)‖
�
≤ 2d(A) ‖X‖

�
, implying that ‖ΔA|J‖ ≤ 2d(A).

Definition 2.2 ([7]). An operator A ∈ B(H) is S - universal if ‖ΔA|J‖ =
2d(A) for each norm ideal J in B(H).

Definition 2.3 ([4]). The maximal numerical range of A, Wo(A) = {λ ∈
C : ∃{xn} ⊆ H, ‖xn‖ = 1, limn〈Axn, xn〉 = λ , limn ‖Axn‖ = ‖A‖}
and its normalized maximal numerical range is given by

WN (A) =

{
W0(A/‖A‖), if A �= 0,

0, if A = 0.

The set W0(A) is nonempty, closed, convex and contained in the closure of
the numerical range, see [4]. The following elementary results will be useful
and are therefore provided here for completion,

Lemma 2.4. For any A, B ∈ B(H),

(i) ΔA,B(X) = ΔA−λ,B−λ(X), for X ∈ B(H) and λ ∈ C, λ �= 0.

(ii) ‖ΔA,B |B(H)‖ ≤ ‖A‖ + ‖B‖.
Proof. (i) Clear.

(ii) By definition, ‖ΔA,B|B(H)‖ = sup{‖ΔA,B(X)‖ : X ∈ B(H), ‖X‖ = 1}.
But ‖ΔA,B(X)‖ = ‖AX−XB‖ ≤ ‖AX‖+‖XB‖ ≤ ‖A‖‖‖X‖+‖X‖‖B‖.
That is ‖ΔA,B(X)‖ ≤ ‖A‖‖X‖ + ‖X‖‖B‖.
So it immediately follows that ‖ΔA,B|B(H)‖ ≤ ‖A‖ + ‖B‖.

We note that when A = B, then ΔA,A = ΔA and ‖ΔA|B(H)‖ ≤ 2‖A‖.
We shall relate the norm of a generalized derivation ‖ΔA,B |B(H)‖ to the norms
of inner derivations ‖ΔA|B(H)‖ and ‖ΔB|B(H)‖ by restricting ourselves to S
- universal operators.
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3 Norms Of Derivations

We begin this section by stating the following result from literature,

Theorem 3.1. If A ∈ B(H) is S - universal, then ‖ΔA|B(H)‖ = 2‖A‖.
See [5] for the proof.

Our first result is the following,

Theorem 3.2. Let A, B ∈ B(H) be S - universal. Then

‖ΔA,B |B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖

)
.

Proof. From Lemma 2.4 above, we have that for any A, B ∈ B(H),

‖ΔA,B |B(H)‖ ≤ ‖A‖ + ‖B‖. (2)

But since A, B are S - universal, it follows from Theorem 3.1 that ‖ΔA|B(H)‖ =
2‖A‖ and ‖ΔB|B(H)‖ = 2‖B‖.
Thus

‖ΔA,B |B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖

)
. (3)

This completes our proof.

For any λ ∈ C, the following inequalities are immediate consequences of The-
orem 3.2 and their proofs are trivial, hence not included here.

Corollary 3.3. Let A, B ∈ B(H) be S - universal. Then

(i)

‖ΔA,B|B(H)‖ ≤ 1

2

(
‖ΔA−λ|B(H)‖ + ‖ΔB−λ|B(H)‖

)
.

(ii)

‖ΔA−λ,B−λ|B(H)‖ ≤ 1

2

(
‖ΔA−λ|B(H)‖ + ‖ΔB−λ|B(H)‖

)
.

(iii)

‖ΔA−λ,B−λ|B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖

)
.
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(iv)

‖ΔA,B |B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB−λ|B(H)‖

)

and

‖ΔA,B|B(H)‖ ≤ 1

2

(
‖ΔA−λ|B(H)‖ + ‖ΔB|B(H)‖

)
.

(v)

‖ΔA−λ,B|B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖ + 2|λ|

)

and

‖ΔA,B−λ|B(H)‖ ≤ 1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖ + 2|λ|

)
.

(vi)

‖ΔA−λ,B|B(H)‖ ≤ 1

2

(
‖ΔA−λ|B(H)‖ + ‖ΔB−λ|B(H)‖ + 2|λ|

)

and

‖ΔA,B−λ|B(H)‖ ≤ 1

2

(
‖ΔA−λ|B(H)‖ + ‖ΔB−λ|B(H)‖ + 2|λ|

)
.

Remark 3.4. The following question seems natural; When does equality
hold in equation (3) above?

The next Theorem answers the question in Remark 3.4 above in the affir-
mative,

Theorem 3.5. Let A, B ∈ B(H) be non - zero S - universal operators.

Then ‖ΔA,B |B(H)‖ = 1
2

(
‖ΔA|B(H)‖+‖ΔB|B(H)‖

)
if and only if WN(A)

⋂
WN(−B) �=

∅.
Proof. Let ‖ΔA,B|B(H)‖ = 1

2
(‖ΔA|B(H)‖+‖ΔB|B(H)‖). Then since A, B are

S - universal, it follows that ‖ΔA,B |B(H)‖ = ‖A‖ + ‖B‖. Hence by Theorem
7 of [4], it follows that WN (A)

⋂
WN(−B) �= ∅.

To prove the converse, let μ ∈ WN(A)
⋂

WN (−B). Then there exists two se-
quences {xn} and {yn} in H such that ‖xn‖ = ‖yn‖ = 1, limn ‖Axn‖ = ‖A‖,
limn ‖Byn‖ = ‖B‖, limn〈Axn, xn〉 = μ‖A‖, and limn〈Byn, yn〉 = −μ‖B‖.
Take limn(αn − γn) = μ‖A − B‖ for αn, γn ∈ C, and set Axn = αnxn + βnun

where βn ∈ C with ‖un‖ = 1 and xn ⊥ un, ∀n.
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Set also Byn = γnyn − δnvn where δn ∈ C with ‖vn‖ = 1 and yn ⊥ vn, ∀n.
Define rank - 2 operators Vn = (xn ⊗ xn − yn ⊗ yn) ◦ Pn where Pn is the or-
thogonal projection onto [xn, yn].
Then clearly ‖Vn‖ = 1 ∀n.
So we obtain 〈Axn, un〉 = 〈αnxn + βnun, un〉 = 〈αnxn, un〉 + 〈βnun, un〉 =
αn〈xn, un〉 + βn〈un, un〉 = βn, ∀n and
〈Byn, vn〉 = 〈γnyn−δnvn, vn〉 = 〈γnyn, vn〉−〈δnvn, vn〉 = γn〈yn, vn〉−δn〈vn, vn〉 =
−δn, ∀n. With the above conditions, let us consider the quantity ‖A‖+‖B‖.
Then

‖A‖ + ‖B‖ =
1

μ
lim

n
〈Axn, xn〉 − 1

μ
lim

n
〈Byn, yn〉

=
1

μ
lim

n

(
〈Axn, xn〉 − 〈Byn, yn〉

)

=
1

μ
lim

n

(
〈αnxn + βnun, xn〉 − 〈γnyn − δnvn, yn〉

)

=
1

μ
lim

n

(
〈αnxn, xn〉 + 〈βnun, xn〉 − 〈γnyn, yn〉 + 〈δnvn, yn〉

)

=
1

μ
lim

n

(
αn〈xn, xn〉 + βn〈un, xn〉 − γn〈yn, yn〉 + δn〈vn, yn〉

)

=
1

μ
lim

n
(αn − γn)

=
1

μ
.μ‖A − B‖

= ‖A − B‖.
Now

‖A‖ + ‖B‖ = ‖A − B‖ ≥ ‖AVn − VnB‖ ≥ ‖AVnxn − VnByn‖.
But limn ‖Axn‖ = ‖A‖ and limn ‖Byn‖ = ‖B‖, we conclude that lim supn ‖AVnxn−
VnByn‖ = ‖A‖ + ‖B‖.
Thus we obtain ‖ΔA,B |B(H)‖ ≥ lim supn ‖AVnxn − VnByn‖ = ‖A‖ + ‖B‖.
But since ‖ΔA,B|B(H)‖ ≤ ‖A‖ + ‖B‖, we deduce that

‖ΔA,B|B(H)‖ = ‖A‖ + ‖B‖. (4)

Since A, B are S - universal, then we have ‖A‖ = 1
2
‖ΔA|B(H)‖ and ‖B‖ =

1
2
‖ΔB|B(H)‖.

So that equation (4) becomes

‖ΔA,B|B(H)‖ =
1

2

(
‖ΔA|B(H)‖ + ‖ΔB|B(H)‖

)
.

This completes our proof.
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The following Corollaries follow,

Corollary 3.6. Let A ∈ B(H) be non-zero S - universal operator. Then
‖ΔA|B(H)‖ = 2‖A‖ if and only if WN (A)

⋂
WN(−A) �= ∅.

Proof. This follows easily by replacing B with A in Theorem 3.5 and taking
note that ΔA,A = ΔA.

Corollary 3.7. For a non-zero A ∈ B(H), the following statements are
equivalent,

(i) A is S - universal

(ii) diam(W (A)) = 2‖A‖
(iii) diam(W (A)) = ‖ΔA|B(H)‖
(iv) WN (A)

⋂
WN(−A∗) �= ∅.

where diam(W (A)) is the diameter of the numerical range of A, W (A).

Proof. (i) =⇒ (ii) =⇒ (iii) Since A is S - universal, ‖ΔA|B(H)‖ = 2‖A‖ and
diam(W (A)) = 2‖A‖, see [5].
(iii) =⇒ (iv) =⇒ (i) This is immediate by appropriate adjustment in Theorem
3.5 above and Theorem 1 of [10]. We omit the details here.

Another immediate consequence of Theorem 3.5 is the following result proved
in general in [4].

Corollary 3.8. Let A, B ∈ B(H) be non-zero S - universal operators.
Then ‖ΔA,B|B(H)‖ = ‖A‖ + ‖B‖ if and only if WN(A)

⋂
WN(−B) �= ∅.

Remark 3.9. The results obtained in this paper are still valid even if we
restrict our derivations on norm ideal J in the algebra B(H) instead of B(H)
itself. The reason for this is quite simple. Just recall that the condition of
S - universality guarantees the equality ‖ΔA|B(H)‖ = ‖ΔA|J‖. These basic
concepts are well documented by the current authors in [5].

4 Conclusion

In this paper, we have investigated norms of inner and generalized derivations
implemented by S - universal operators. We have shown here that for these
operators, the norm of a generalized derivation implemented by two operators
is less or equal to half the sum of the norms of inner derivations implemented by
each operator. We have further provided a necessary and sufficient condition
for equality to hold. These results are new and have never been investigated.
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