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Abstract

We study the properties of the essential algebraic numerical range as
well as the essential spatial numerical range for Banach space operators.
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1 Introduction

Let A be a complex normed algebra with a unit and let A* denote its dual
space. For a comprehensive theory on normed algebras, we refer to [4]. We
define the algebraic numerical range of an element a € A by V(a, A) = {f(a) :
fe A f(1) =1 =|f|l}. Let X denote a complex Banach space and L(X)
be the Banach algebra of all bounded linear operators acting on X. We de-
note the algebraic numerical range of any 7' € L(X) by V(T,L(X)). For
T € L£(X), the spatial numerical range is defined by W(7T) = {(Tz,x*) : x €
X, z* € X*, ||z|| =1 = ||lz*|| = (x,2*)}. In the case that X is a Hilbert space
the definition reduces to W(T') = {(T'z,z) x € X, ||z|| = 1} which is the well
known definition of the Hilbert space numerical range.

The algebraic and spatial numerical ranges of any 7' € £(X) are closely related
and this relationship has been a problem of study for the past few decades.
See for instance [3, 4, 7, 8, 9] and references therein. In particular, for Hilbert
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space operators the set W(T) is convex by the classical Toeplitz-Hausdorff
theorem and V(T,£(X)) = W(T) where W(T) is the closure of W(T). The
above assertions are no longer true for Banach space operators. Specifically
we only have V(T', L(X)) = conoW (T'), where conv denotes the convex hull,
see [3, 5] for details.

Let IC(X) denote the ideal of all compact operators acting on a complex Ba-
nach space X. Also let ¢ be the usual canonical mapping from £(X) onto the
Calkin algebra £(X)/K(X). The essential algebraic numerical range, V.(7T),
of an operator 7' € £(X) where X is an infinite dimensional Banach space is
defined by V.(T') = V(q(T), L(X)/K(X), ||-||c) where ||.||c denotes the essential
norm given by ||T|. = inf{||7 + K|| : K € K(X)}. On the other hand the
essential spatial numerical range W,(T') of an operator T € £(X) is defined
to be the set of all complex numbers A with the property that there are nets
(uq) C X, (u) C X*, such that ||u.|| = ||uk|| = (ua,ul) =1 for all a, uy, — 0
weakly and (Tu,, u’) — .

As remarked in [2], the essential algebraic and the essential spatial numerical
ranges for a Hilbert space operators coincide. For Banach space operators,
the properties of the essential algebraic numerical range have been remarkably
studied in literature. Surprisingly, the first reasonable attempt for the cor-
responding study of the essential spatial numerical range was by [2] in 2005.
The reasons behind this strange observation isn’t apparent but we believe it
might be due to the lack of the equality in W.(T") # W (q(T)). It is also noted
n [2] that for a successful study of the properties of this numerical range, it is
important to consider another norm which is a “measure of non-compactness”
instead of the usual essential norm ||.||.. In this study we consider these two
numerical ranges on Banach spaces. Apart from extending the well known
properties of the essential algebraic numerical range, we establish some new
properties of the spatial numerical range.

2 Essential Algebraic Numerical Range

Let X be an infinite dimensional Banach space and T' € L£(X). The basic
properties of the essential algebraic numerical range V,(T') can be found in [5]
and we summarize them in the following theorem;

Theorem 2.1. (i) V.(T) is a nonempty compact subset of C and o.(T') C
Ve(T') where o.(T') denotes the essential spectrum of T.

(ii) V.(T) = {0} if and only if T € K(X).
(111) Vo(T) = ({V(T + K,B(X)) : K € K(X)}.
(T) =

() Ve(T) = {f(T): f € B(X)", f(I) = 1= |[f], F(K(X)) = {0}}
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(v) exp(=1).[|IT]le < maz{[A[ - A € Ve(T)} < |-

As an extension of the above properties, we establish the following addi-
tional algebraic properties of V(7).

Theorem 2.2. For T, S € L(X) and o, 3 € C, we have:
(1) Ve(aT) = aVe(T)

(i) Vo(T + S) C V(T) + Ve(S).

(iti) Ve(aT + BS) C aVe(T) + BVL(S5).

Proof. To prove (i), let p be a complex number. Then p € V,(T) if and only if
lp— A < ||T'+ K — A|| for each complex number A and each compact operator
K. Sop eV, (aT) if and only if [p— A| < |la((T+ K) = N)|| = |a||T+ K — )|
for each complex number o and A and each compact operator K. Hence
V.(aT) = V{g(aT) = V{ag(T)) = aV (g(T)) = aV,(T).

Now, V.(T'+S) =V (¢(T+9)) =V(T+S)+ K)=V(T'+K)+(S+K)) C
VIT+K)+V(S+K)=V(qT))+V(q(S)) = Ve(T) + V.(S), which proves
(ii).

The proof of (iii) follows from (i) and (ii) above. O

Let v.(T') denotes the essential algebraic numerical radius defined by v, (T") =
sup{|A| : A € Vo(T')}, that is, the numerical radius associated with V,(7'), then
we obtain the following consequence of the above theorem,;

Corollary 2.3. ForT,S € L(X) and o, € C, we have:
(i) ve(aT) = |alve(T)
(i) ve(T + S) < ve(T) + ve(S)
(tii) ve(od +T) = |af + v (T)
(i) ve(aT + S) < |afve(T) + [Blve(S5).
Proof. Follows immediately from Theorem 2.2 and the definition of v.(T"). O

For compact operators, the following theorem details the relation between
the essential spectrum and the essential algebraic numerical range;

Theorem 2.4. If T, S € K(X) and a € C, then
(i) oe(T) = Ve(T) = {0}

(i) 0e(T +S) = V(T + S) = Vo(T) + Ve(9).

(i) oe(T") = Ve(T™)
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(v) o.(aT) = Ve(aT)

Proof. For T € K(X), Vo(T) = {0}. But 0.(T) C V.(T), and since the
spectrum o.(7") is nonempty, the result follows, and this proves (i). To prove
(i), since T, S € K(X), T+ S € K(X) and {0} = 0.(T'+ S) C V(T + S) =
Ve(T) + Ve(S) = {0}

Assertion (iii) follows from the fact that o.(7") = o.(T™), while assertion (iv)
is obvious. ]

Consequently, if r.(7T) is the essential spectral radius in the sense that
re(T) = sup{|\| : A € 0.(T)}, then we have the following result;

Corollary 2.5. If T € K(X),then r.(T) = v.(T) =0

3 Essential Spatial Numerical Range

The literature on the study of essential spatial numerical range for Banach
space operators is very scanty. One known study that’s available in litera-
ture is the work [2] by Barraa and Miiller. In their attempt to study some
properties of W,.(T') on Banach spaces, the authors in [2] considered another
measure of non-compactness instead of the essential norm in the Calkin al-
gebra. They remarked that this is a probable reason why W,(T') has never
been studied before. For 7' € L£(X) where X is an infinite dimensional Ba-
nach space, we define a seminorm ||.||,, on £(X) by ||T||, = inf{||T|m|| : M C
X a subspace of finite codimension }. Following [2], ||.||, is a measure of non-
compactness, that is, |7, = 0 if and only if 7" is compact. Moreover, |||,
is an algebra norm on the Calkin algebra £(X)/IC(X). As a result, another
essential numerical range V,,(T") defined by V,(T') = V(T, L(X)/K(X), ||||.)
was introduced. In particular, V,(T') is the set of all A € C such that there is
a functional ® € (L(X)/K(X), ||.||,.)* satistying | ®|| = 1 = &(I + k(X)) and
(T + K(X)) = A. Equivalently, there is a functional ® € £(X)* such that
P(L(X)=0,0(I) =1,9(T) = X and |2(S5)| < || S|, for all S € L(X).

Before looking at the properties of the essential spatial numerical range W, (7T'),
we summarize some properties of V,(T') in the following theorem:

Theorem 3.1. Let X be an infinite dimensional Banach space and T €

L(X). Then
(1) Vu(T) is a closed, conver and compact subset of C.
(1) V,(T') = {0} if and only if T is compact
(1) V,(T + K) =V,(T) for K € K(X).
(

() V,(T+5) CV,(T)+ V,(S) where S € L(X).
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Proof. To prove that V,(T) closed, let A\, € V,(T) be such that A, — X as
n — oo. Then for a fixed n, there exists ®,, € £(X)* such that &, (K(X)) =0,

¢,(I) =1, &,(T) = A, and || 2,(5)] < ||S]|u for all S. Then ®(1)

lim,, ®,,(1) = 0, &(T) = lim,, &, (T) = lim, A, = A, ®(K(X)) = lim,, ®,,(K(X))
0 and [|[@(S5)| = lim, ||P,(5)] < ||S]|, for all S. Thus A € V,(T) and this
proves that V,,(T") is closed. Following [2], V,,(T') = conv(W,.(T')) which clearly

indicates that V,,(T") is convex since it is a convex hull of some set. In general,
we know that V,(T') C V.(T'). But V(T) is compact [5] and V,(T) is closed

. The result then follows immediately from the fact that a closed subset of a

compact set is compact. This proves (i).
Now, for any 7' € L£(X), we have that V,,(T) = {0} if and only if V,.(T') = {0}
which is true if and only if 7" is compact. This proves (ii).
The proof of (iii) follows from the definition of V,(7') and from the fact that
||| is & measure of non-compactness.

For (iv), from the sum property of the algebraic numerical range, we have

V(T + S)

Define v,(T") = sup{|A| : A € V,,(T")} as the numerical radius corresponding

-

V(T + 5, L(X)/KR(X), [[-]],0)
VT, LX) /KX, [[-w) + VS, £0X) /(X [1-]],2)
Vi(T) + Viu(5).

]

to the numerical range V,,(T"). We can then deduce the following Corollary;

Corollary 3.2. Let X be an infinite dimensional Banach space and T &€

L(X). Then

(1) v,(T) = {0} if and only if T is compact

(
(i) v,(T + K) =v,(T) for K € K(X)
(

(111) v, (T +S) Cv,(T) + v, (S) where S € L(X).

() v (T") = vu(T).

Proof. Follows from the definition of v,(7") and Theorem 3.1 above.

It’s important to take note that in general V,(T') C V.(T), but if X is a

Hilbert space we obtain equality, that is, V,(T") = V.(T).
The next result gives some properties of the essential spatial numerical range.

Theorem 3.3. For T € L(X), we have

(i) W.(T) is nonempty closed non-convex and compact subset of the complex

plane C.

O
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(ii) We(T) = {O} if and only if T is compact

(
(i1i)) W(BT) = BW.(T) for some 3 € C.
(v) We(T +S) CW(T) + We(S), where S € L(X).

(v) We(aT + BS) C aW, (T) + BW.(S), where S € L(X) and 5, a € C.

Proof. Following [2], 0.(T") C W,(T). Since o.(T") is nonempty, it follows that
W.(T) is nonempty as well. The noncovexity of W,(T) is immediate from the
relation V,(T") = conv(W,(T)). For closedness, let A\, € W (1) be such that
An — A as n — oo. We want to show that A € W (T'). Since A, € W,(T),
choose nets which are partially ordered on subsets of X and X* by the relation
< as (uy) C X, (uf) C X* such that ||us| = ||ul] = <ua, ur) = 1 for each «
and u, — 0 weakly. Fix n such that |[(T'ua,u}) — An| < . Then

[(Tua,uy) = Al < [(Tua, uy) — Al + [An —>\|
< ;+\)\n—)\\—>0 as n — 00.

The compactness of W,(T) follows from the compactness of V,,(T") since W, (T")
is a closed subset of V(7). This proves (i).

To prove (ii), take note that W.(T") C conv(W.(T)) = V,(T') = {0} if and only
if T is compact. Since W,(T') is nonempty, the latter statement is equivalent
to W.(T') = {0} if and only if T" is compact, as desired.

For (iii), let A € W,(T'). This is equivalent to 3 (u,) C X, (u)) C X* such
that [|uq || = ||ul|| = (v, ul) = 1 for all a,u, — 0 weakly and (T'u,, ul) — A.

«

Then fW.(T) < S{Tuqy, u))) — BFA. Thisin turn is equivalent to (57 uq, ul) —

«

BA. Since pA € C, it follows that SW,.(T') = W.(BT).

To prove (iv), let A € W(T'+ S). Then 3 (u,) C X, (u)) C X* such that
uall = [|ul]| = (Ua, ul) = 1 for all o, uq — 0 weakly and ((T+S)uq, ul) — A
Then (Tuy + Sug, ul) — X is equivalent to (Tuq, ul) + (Stuq,u) — A. This

« o

implies that (Tuq,u’) — Ay and (Suq,u’) — Ao where A = A\; + Ay, Thus,
A € W (T) and Ao € Wo(S) with A = A, + Ao. Hence A € W.(T) + W.(S).

Assertion (v) follows immediately from assertions (iii) and (iv) above. O
Define the essential spatial numerical radius of T', w.(7T), by
we(T) = sup{|A| : A € W.(T)}.
Then the following is an immediate consequence of Theorem 3.3 above.
Corollary 3.4. ForT,S € L(X) and «a, 5 € C, we have
(1) we(T) =0 if and only if T € K(X)
(1) we(BT) = |Blwe(T)
(711) we(T + S) < we(T) + we(S)
(i) we(aT + 5) < [er|we(T) + [ Blwe(S5)-



Properties of essential numerical range 111

References

1]

Y.A. Abramovich and C.D. Aliprantis, An Invitation to Operator The-
ory, Graduate Studies in Mathematics, Vol. 50, American Mathematical
Society, 2002. https://doi.org/10.1090/gsm/050

M. Barraa and V. Miiller, On the essential numerical range, Acta Sci.
Math. (Szeged), 71 (2005), no. 1-2, 285-298.

F.F. Bonsall and J. Duncan, Numerical Ranges of Operators on Normed
Spaces of Elements of Normed Algebras, London Math. Soc. Lecture Notes
Series 2, Cambridge, 1971. https://doi.org/10.1017/cbo9781107359895

F.F. Bonsall and J. Duncan, Complete Normed Algebras, Springer-Verlag,
New York, 1973. https://doi.org/10.1007/978-3-642-65669-9

F.F. Bonsall and J. Duncan, Numerical Ranges II, Cambridge University
Press, New York, London Mathematical Society Lecture Notes Series, Vol.
10, 1973. https://doi.org/10.1017/cb09780511662515

G. Lumer, Semi-inner-product spaces, Trans. Amer. Math. Soc., 100
(1961), 29-43. https://doi.org/10.1090/s0002-9947-1961-0133024-2

J. G. Stampfli, J. P. Williams, Growth conditions and the numerical range
in a Banach algebra, Tohoku Math. J., 20 (1968), 417-424.
https://doi.org/10.2748 /tmj/1178243070

J.P. Williams, The numerical range and the essential numerical range,
Proc. Amer. Math. Soc., 66 (1977), 185-186.
https://doi.org/10.1090/s0002-9939-1977-0458203-3

K.E. Gustafson and D.K.M. Rao, Numerical Range: The Field of Values
of Linear Operators and Matrices, Springer, New York, 1997.
https://doi.org/10.1007/978-1-4613-8498-4

Received: September 28, 2017; Published: November 17, 2017



