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We determine both the semigroup and spectral properties of a group of weighted composition operators on the little Bloch space.
It turns out that these are strongly continuous groups of invertible isometries on the Bloch space. We then obtain the norm and
spectra of the infinitesimal generator as well as the resulting resolvents which are given as integral operators. As a consequence, we
complete the analysis of the adjoint composition group on the predual of the nonreflexive Bergman space and a group of

isometries associated with a specific automorphism of the upper half-plane.
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1. Introduction

The (open) unit disc D of the complex plane C is defined as
D ={z € C: |z| <1}, while the upper half-plane of C,
denoted by U, is given by U = {w € C: J(w) >0}, where
S (w) stands for the imaginary part of w. The Cayley
transform ¥ (z) =i(1+2)/(1 —z) maps the unit disc D
conformally onto the upper half-plane U with inverse
v ' (w) = (w—1)/(w+1i). For every a > —1, we define a
positive Borel measure dm, on D by dm,(z)=
(1 - |z|*)*dA (z), where dA denotes the area measure on D.

For an open subset Q) of C, let 7 (Q2) denote the Fréchet
space of analytic functions f: ) — C endowed with the
topology of uniform convergence on compact subsets of Q.
Let Aut(Q) c # () denote the group of biholomorphic
maps f:QQ — Q. For 1 < p < 00, a > —1, the weighted
Bergman spaces of the unit disc D, L% (D, m,), are defined by

LE(.my) = | € 7 (D) 1flig (o,

:(jD|f(z)|Pdma (z))l/p <oo]».

Clearly, L2 (D, m,) = LP (D, m,) N ¥ (D), where
L? (D, m,) denotes the classical Lebesgue spaces. For every
f € LL (D, m,), the growth condition is given by

1

Kl £l

If (2) < (1) (2)

where K is a constant and y = (« + 2)/p, see, for example,
[1], Theorem 4.14.

The Bloch space of the unit disc, denoted by %, (D), is
defined as the space of analytic functions f € # (D) such
that the seminorm

1l @ = su[g(l ~I2I*)|f' (2)] < co. (3)

Following [1, 2], B, (D) is a Banach space with respect
to the norm IIfII%m(D) =[f(0)] + ||f||33m1 @)~ On the con-
trary, the little Bloch space of the disc, denoted by % , (D),
is defined to be the closed subspace of &, (D) such that

Booo (D) = clg_Clz, (4)

where clg C[z] denotes B,,, closure of the set of analytic
polynomials in z. Equivalently,

Booo (D) = {fe%(D): o dim (1) (z)|=0},
(5)

and possesses the same norm as %, (D). Since B, (D) isa
closed subspace of the Banach space % (D), it follows that
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B (D) is a Banach space as well with respect to the norm
Il (p)- Note that every f € B, (D) (or f € B, (D))
satisfies the growth condition:

lf(z)lg(l+%10g<1t|2|))“f"35’m(”))' (6)

|z|

See, for instance, [3] for details. Let 1 < p < 0o and g be
conjugate to p in the sense that (1/p)+ (l/q) =1. If
(L (D, m,))" is the dual space of L2 (D, m,), then

(L Om) <L@m). a>-1. )
under the integral pairing

SFo) = | f@5@dm, (f €L(©m). g < Li(D.m,).
®)

It is well known that for 1 < p < oo, L; (D,m,) is re-
flexive. The case p = 1 is the nonreflexive case and the duality
relations have been determined as follows:

(La(Dm,))" = By (D),

. (9)
(Boop (D)) = L, (D,m,),

under the duality pairings given by, respectively:
(fo9)= | F@T@dm. (f € Li(Dm).g € B D),

Fo) = | F@a@dm, (f € Beo (D € Ly ([©m,).

(10)

In other words, the dual and predual spaces of the
nonreflexive Bergman space L (D,m,) are the Bloch and
little Bloch spaces, respectively. For a comprehensive ac-
count of the theory of Bloch and Bergman spaces, we refer to
1, 2, 4-6].

In [7], all the self analytic maps (¢,),., € Aut(U) of the
upper half-plane U were identified and classified
according to the location of their fixed points into three
distinct classes, namely, scaling, translation, and rotation
groups. For each self-analytic map ¢;, we define a cor-

responding group of weighted composition operator on
Z (U) by

Sof (2) = (91(2))" f (9, (2)), (11)

for some appropriate weight .

It is noted in [7] Section 5 that for the rotation group, we
consider the corresponding group of weighted composition
operators defined on the analytic spaces of the disc % (D)
given by

T,f(z)= & (eiktz), withe, k € R, k+0. (12)

The study of composition operators on spaces of analytic
functions still remains an active area of research. For Bloch
spaces, most studies have only focussed on the boundedness
and compactness of these operators. See, for instance,
[3, 8-11]. In [7, 12], both the semigroup and spectral
properties of the group (T',),.g Were studied in detail on the
Hardy and Bergman spaces. The aim of this paper is to
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extend the analysis of the group (T,),cr from the Hardy and
Bergman spaces to the setting of the little Bloch space.
Specifically, we apply the theory of semigroups as well as
spectral theory of linear operators on Banach spaces to study
the properties of the group of weighted composition op-
erators given by equation (12) on the little Bloch space of the
disk. As a consequence, we shall complete the analysis of the
adjoint group on the dual of the nonreflexive Bergman space
L! (D, m,). The analysis of the adjoint group on the reflexive
Bergman space, that is, Lt (D, m,) for 1<p< oo, was con-
sidered exhaustively in [12]. We shall also consider a specific
automorphism of U and carry out an analysis of the cor-
responding composition operator.

If X is an arbitrary Banach space, let & (X) denote the
algebra of bounded linear operators on X. For a linear operator
T with domain 9 (T) C X, denote the spectrum and point
spectrum of T'by o(T) and 0,(T), respectively. The resolvent set
of Tis p(T) = C\o(T), while r(T) denotes its spectral radius.
For a good account of the theory of spectra, see [13-15]. If X
and Y are arbitrary Banach spaces and U € £ (X,Y) is an
invertible operator, then clearly (A,),.r € & (X) is a strongly
continuous group if and only if B, = UA,U ', t € R, is a
strongly continuous group in Z (Y). In this case, if (A;),.r has
generator T, then (B,),.g has generator A = UI'U ' with
domain 2 (A) =UD () ={y € Y: Uy € Z(I)}. Moreover,
0,(A) = 0,(I') and 0(A) = ('), since if A is in the resolvent set
p(T) == C\o(I'), we have that R(A, A) = UR(A, I)U. See, for
example, [16], Chapter II and [15], Chapter 3.

2. Groups of Composition Operators on the
Little Bloch Space

We consider the group of weighted composition operators
(T,);er given by equation (12) and defined on the little Bloch
space B, (D) as Tif(z) = e“'f(e’*'z), where ¢,k € R, k # 0
and Vf € B, (D). We denote the infinitesimal generator
of the group (T,),cr by I'i, iy and give some of its properties
in the following proposition.

Proposition 1

(1) (T,);cp is a strongly continuous group of isometries on
B oo (D)

(2) The infinitesimal generator I.p of (T,),r on
Booo (D) is given by T, f (2) =i(cf(z) + kzf'(2)).
with domain D (I'.;) =1{f € By (D): zf' € By
(D)}

Proof. To prove isometry, we have
“Tff"%m@) =|T,f(0)| + sug(l —Iz|2)| (T,f) (2)|
ze

ezctelkt ! (ezktz) |

¢ £ (0)] + sup(1 -|z*)
zeD

=|f(0)] + su{g(l —|z|2)|f'(eiktz)'.

(13)
By change of variables, let w = ¢z, Then,
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”th“@m(m) =11 (0)] + su{g(l —|w|2)|f’ (w)]

=l fls_ oy asdesired.

To prove strong continuity, we shall use the density of
polynomials in %, , (D). Therefore, it suffices to show that,
for (2"),:50»

. n n _
Jim |T.2" -2 "9300,0([0) =0. (15)
Now, thn = eict (eiktz)n "= (ei(c+kn)t _ I)Zn.
Therefore,

- iy (sup(1 ) - 1)

zeD

tﬂ%(i‘;g(l _|Z|2)|n(ei(k+kn)t _ l)z’H

=0, asclaimed.

,IE}V ”thn - Zn“(@mvo(n))

)

(16)

Now, for the infinitesimal generator Ty, let f € D (T ;)
in %, (D), then the growth condition (6) implies that

. it f(e™z) = f(2) O, ict o/ int
of (o= fim STEDZTD Doy

=i(cf(2) - izf' (2)).
(17)

Therefore, P (T,;) S{f € Booo(D): zf € B,y (D)},
Conversely, if f € B, (D) is such that zf' € B, (D),
then F(z) =i(cf (2) +kzf' (2)) € B oo (D) and for all £ > 0,

T,f(z2)-f(z) 1 ("0
7{‘ = ? J‘Oa (Tsf(z))ds

L () k() ()

(18)
Strong continuity of (7)., implies that

t
Hl J T,Fds - F <1 J't"TSF - Fl|ds — 0, ast —0".
tJo tJo

(19)
Thus, D (T ) 2 {f € Booo(D): 2f' € Boo(D)}. O

Define M, Q on # (D) by M,f(z) = zf(z) and
Qf (2) = (f(2) - f(0))/z, (Qf(0) = f'(0)). More gener-
aly, Q'f(2)=32, (fOOYRZ™,  Qf(0)=
((f™(0))/m!). Then, M™"Q™f =Y ((f®(0))/k)z* and
Q"M f = f. We now give the following proposition.

Proposition 2

(1) M,: B, (D) — B, (D) is bounded.
(2) M, B, (D) S B, (D).
(3) Q: By (D) — B (D) is bounded.

(4) Form > 1, M, (D) = {f € B, (D): f*(0) =
OVk<m}. In particular, M, B, (D) is closed in
B oo (D).
Proof. 1If f € B, (D), then for all z € D,

(1-121°)[ )] = (1 -l2l*)|zf' (2) + f ()]
<(1-12P)|f" @) +(1 -1zP)I f (2)]
<(1=121%)|f' (@) +(1 -121*)
(1 3108 (1 +2D/ (=120 )l o

(20)

Therefore, assertions (1) and (2) follow. For (3), if
f € By, (D), then for |z] < 1,

(1-1zP) @) (2)]
L=t

(1-12P|f' (2)])

|z|

, (112P) (1 + (1/2)log (1 +12D/ (1~ DI I, 0

2

<

|z|

N (1 —|Z|2)||f||93m(uj;)

3 — 0as|z]| — 1.
|z]

(21)

Thus, Qf € B, (D). To prove (4), let f € B, (D)
and f(0) = 0. Then, f = M_Qf € M, %A, (D). The reverse
inclusion is obvious. Therefore, the one-to-one and onto
mapping M, : B, (D) — {f € Boyo(D): f£(0) = 0} is
bounded. So, the open mapping theorem implies that the
inverse is bounded. It therefore follows that Q: span
(D&M, B,y (D) — B, (D) is bounded. O

Proposition 3. Let I'.; be the infinitesimal generator of the
group (T);p given by (12) on B, (D), then

(1) I'ey = ic + kI'g; with domain D(I' ;) =D (I,,;)
={f € Boy (D): 2f' € B, (D)}
(2) 0(Iy) = fic+ ko (I )} and 0,(Iy) = {ic+ka,

(Lo}
In fact, A € p(I'y;) if and only if ic + kA € p(I'.x), and
. 1
R(ic+ kAT ;) = ER(/\, Ty, ). (22)
Proof. See [12], Lemma 4.3. O

As a result of Proposition 3 above and without loss of
generality, we restrict our attention to the generator
[y instead of T, as the cases ¢ # 0 and k # 1 where k # 0 can



be easily obtained from Ty ;. Indeed, Iy f(z) = izf (z) with
domain P (Ty,) = {f € B (D): 2f' € By (D)} is the
infinitesimal generator of the group T; = f(e”z) which is
exactly the case when ¢ = 0 and k = 1 in equation (12). We
now give the spectral properties of the generator I'y; as well
as the resulting resolvents in the following theorem.

Theorem 1

(1) 0(Lyy) = 0,(Iy,) = {in: n € Z,}, and for each n > 0,
ker(in — I'y;) = span(z").

(2) IfA € p(Ty,,), then M, B, o (D) is R(A, Ty, ), invariant
Vm e Z,, m>S(A). Moreover, if h € MTRB, (D),
then

R(A,Ty, )h(z) =iz ™" JO " h(w)dw = iz"
L (23)
. J () (t2)dr.

0

(3) For A € p(Ty,;), the resolvent operator R(A, Iy ;) is
compact.

(4) o(R(ATy)) =0,(R(ALT,,) = {weC:|w- (1/
Q2R )| = (172R (A))}. Moreover,

A(ROT0)) RO = g @9

Proof. Since each T, is an invertible isometry, its spectrum
satisfies 0 (T,) C0D, and the spectral mapping theorem for
strongly continuous groups (see, for example, [16], Theorem
V.2.5 or [17]) implies that e'°"o) Co(T,). Thus, eTor) C
D= |etTo)| = 1 = M@ = 1 — R (0) =0 for w €
0(To,1). It immediately follows that o (T ;) CiR.
We now solve the resolvent equation: If A € C and
h e (D), (A - I)f = h. This is equivalent to
f@+2@=tha, (@20,
z z (25)
2 f(z) =iz" 'h(z), (2 € D\(-1,0]).

In particular, (A —I)f= 0 ifand only f(z) = Kz, where K
is a constant. Since z=* € # (D) if and only if -il e Z, it
follows that

0,(Ty,) ={imnez}, (26)

with ker(in — Ty ;) = span(z”). Moreover, if n € Z, and A €
0,(To,1), then

A-Df =2" (27)
has a unique solution
1
= . 28
f@) =31z (28)

Notice that, for A ¢ 0,,(I'y;) and f € D (T;), (A -T)A0) =
AM0). More generally, if f(z) = z2"g(z) with g(0) #0, then
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A-Df =Af -2z("g)

=2"(\g-mz"g-2""g"). 29

Note that the functions (A — I')fand fhave the same order
of zero at 0. Thus, MR, (D) is invariant under A — T ;.

Fix A € C\o, (Tyy) and let m>S3 (). If h=2z"g with
g € B, (D), then

i JO @ T (0)dw = i J; g adn (30)
Thus, (A — I')h has a unique solution:
f(z)=iZ" j; £ 1(Qh) (tz)dt. (31)
Ifue%B,,(D)and 0 <t <1, then
lu(t2)lg,_ o) = |szlllg(l —|Z|2)t|u’ (tz)|

< sup(1 - £)z°) |’ (t2)| (32)

|z|<1

<lullz_ oy
Thus, [[ £ < (1/ (m = S ONIMZNIQ™ [IR]. Now, Vm > 1,

B oo (D) = span (z") @ M, B, , (D),

NSy

span (2")o<pem

R()L, ro,l)

A—=(m-1)i

(33)

Thus, A ¢ 0,(T'y,;) implying that R(A, Ty;) is bounded on
B o (D). Therefore, (T ;) = 0,(I'o,;). This proves (1) and
(2).

To prove the compactness of the resolvent operator, we
argue as in [7], Theorem 5.2. Fix A € p(I'y ;) and letm € Z_ be
such that J (1) <m. Then, by equation (33), it suffices to
show that R, (A, T;) = R(L, Ty 1)lyme () is compact.

Let o (rD), r > 0, be the disc algebra
A (rD) = C(rD) N (rD), equipped with the supremum
norm, and for each t, 0 < t < 1, and f € Z' (D), let Hf(z) =
fi(z) = f(tz). Then, by equation (32), for every t € [0, 1), H,is a
contraction on %, , (D). X

Now, by equation (23), R, (A,T,,)=iM2 [ ™1
H,Q"dt with convergence in norm. Define C, =

r

iM [ "I, QM dt on M 3B, 4 (D), for 0 < r < 1. Then,
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1
R, -C.l< | e jarar
r

(34)
ll™

s ) —o

as r — 1. Choosing s so that 1 < s < 7', we have that
C,: M7?RB o (D) — M7 R, (D) factors through & (sD).
If B denotes the closed unit ball of MZ?3_ (D), let
h=Q"f (f € MI'RB,,(D)). Then, Vt, 0 < t < r, the growth
condition (6) implies that, for |z <s,

+7rs
he2) < (1+3log( 1) YWl o
I ||ng0 ©
o] <

Let = (1+ (1/2)log((1 + rs)/ (1 - rs)))IIhII%
Thus, for |z| <s,

-3
IC, f (2)] <KW
m—1,,.m—S (1)

ms r

-3

+s mym=S3 (1) ||h||93 (D)
m— ()

1-rs
(36)

d
‘ch Flo)l<k

Thus, by Arzela-Ascoli, C,B is precompact in &/ (sD)
which further implies that C,B is precompact in %, , (D) by
the continuous embeddedness of & (sD) in %, , (D).
Therefore, each C, is compact in & (M}’ A, , (D)) and as a
result, R, (A,T;) = (norm)lim,__,;- C, is compact as well.

The spectral mapping theorem for resolvents as well as
assertion (1) above implies that

o(ROLTy)) = 0, (R(LTo,)) = {5 me 2.} uto)

_ P S .
‘{“’ «Clo IO zm(m}‘

(37)

Clearly, the spectral radius r(R(A,T;)) = (1/|R (1))
and therefore by the Hille-Yosida theorem, it follows that
(/IR =r(R(A L) <IRA Tyl < (IR, as
desired. O

As a consequence, the properties of the general group T;
given by equation (12) is as follows.

Corollary 1

(1) o(Ley) =0,(Tey) = {ilc+kn):neZ,}, and for
each n > 0 ker(i(c + kn) — I'.y) = span(z").

(2) Ifu€p(I'y), then M, B, (D) is R(u, I'.x) -invariant
VYmeZ,, m>S ((u —ic)/k). Moreover, if
he MI'%B,, (D), then

i S
, h o~ (u=icyr J o W= iOM= 1 g
(!4 ck) (2) = k , (w)dw
i m ! m+i (u—iclk)—
=7 Jot (Q h) (tz)dt.

(38)

(3) For u € p(L'.x), the resolvent R(u, I'.y) is compact.

(4) 6 (R(,Ip)) = 0, (R(, Ip) = {w € C: [w— (/2R
W)l = (172R (1)}
(5) r(R(Te)) = IR, T )l = (1/ IR (@))).

Proof. Following Proposition 3, u € p(I'.x) if and only if
(u—ic)lk € p(Ty,). The proof now follows at once from
Theorem 1. We omit the details. O

3. Adjoint of the Composition Group on the
Predual of Nonreflexive Bergman
Space L. (D, m,)

In studying the adjoint properties of the rotation group
isometries given by equation (12) on Bergman spaces
L (D, m,), 1 < p < 00; the second author in [12] considered
the reflexive case, that is, when 1< p < co. This was an ex-
tension of the investigation of adjoint properties of the
Cesaro operator in [18] on Hardy spaces, and later gener-
alized to Bergman spaces in [7]. For the nonreflexive
Bergman space L. (D, m,) (that is, p = 1), the analysis of the
adjoint of the rotation group isometries remains open and
forms the basis of this section. Specifically, we complete the
analysis of the adjoint group of the group of isometries T,f(z)
= ¢“'f(e™'z), where ¢,k € R with k # 0 and V f € L} (D, m,).
Recall from Section 1, the duality relatlon
(B (D))" = L!(D,m,) under the integral pairing
(g, > = IDg(Z)f(Z)dm (g € B (D). g € L} (D, m,)).
In particular, the predual of L! (D, m,) is the little Bloch
space R, (D). Thus, using this duahty pairing, for every
g € B, (D), we have

@1 = | 9@ F(ez)am, (2
v - (39)
= JDe*’“g(z) f(e*z)(1-1z1*)"dA(2).

ikt

By a change of variables argument: Let w = "'z so that z

= ¢ ™y and

(9. T.f) = JDe_mg(e_iktw)m<1 —|e_iktw'2>adA(w)
_ JDe—zct ( — ikt )f(w)dm (w)
- | 19 (@ F@idm, (@) = (Tg. 9.

(40)

where T_,g(w) = e g(e?*w) for all g € B, (D). Thus,
the adjoint group T, of T, for t € R is therefore given by



T/ g(w)=T_g(w) = e_iCtg(e_iktw), forallg € B, (D).
(41)

Let T denote the infinitesimal generator of the adjoint group
T, . Using the results of Section 2, we easily obtain the properties
of the group (T[);cn as we give in the following theorem.

Theorem 2. Let (T[);p €L (Booo (D)) be the adjoint
group of the group of weighted composition operators
(T)er €L (LL(D,m,)) given by (41). Then, the following
hold:

(1) (T[)seq is strongly continuous group of isometries on
B (D).

(2) The infinitesimal generator I' of (T[");s, is given by
I'g(w) = -i(cg(w) +kwg' (w)) with domain
D) = {g € Boyy (D): wg' € By (D)},

(3) a(I) = 0,(I) = {~i(c +kn): n € Z,}, and for each n
> 0, ker(—i(c + kn) —I') = span(w™)

(4) If u € p(T), then M B, (D) is R(u, I')-invariant
VmeZ,, —m>SF((—u—ic)/k). Moreover, if
he M}RB,o(D), then

R4, D (w) = _iw((;ﬁic)/k)t J'O 7 @1 (4,
(42)

1 1 . .
_ _iwm J tm—t((wrzc)/k)—l (th) (tw)dt.
0

(5) o (R(p, D)=0,(R(p, 1)) ={weC: [w - (1/2R (w))| =
(172R (u)}.
(6) r(R(u, 1)) = [R(u, D)l = (1/[R (u)]).

Proof. The proof follows immediately by replacing ¢ and k
with —c and —k, respectively, in Proposition 3 and Corollary
1. We omit the details. O

4. Specific Automorphism of the Half-Plane

In this section, we consider a specific automorphism group
(¢)ier € Aut(U) corresponding to the rotation group given by

zcost —sint

9, (2) = (43)

zsint + cost’
It can be easily verified that ¢,(z) = you,o w’l(z), where

u,(z) = e *"z. The associated group of weighted composition

operators on # (U) is given by S, , and by the chain rule, it

follows that S, =SS, S,, where S S,

Now, for f € B, (D),

Su f (2) = (1 ()" f (u, (2))
e Ziytf(e— znz)_

Apparently, S, can be obtained as a special case of the
group (T,),s, given by equation (12) when ¢ = -2y and k =
—2.LetI'=T_,,_, be the infinitesimal generator of the group
S, then the properties of I' can be summarized by the
following proposition.

yi =

(44)
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Proposition 4. Let I' be the infinitesimal generator of the
group of isometries S, on B,y (D). Then,

(1) IT'f(z)=i(-2yf(2z)- ZZf' (2)) for every fe
B oo (D), with domain
D) ={f € Booy (D): f' € By (D)} (45)

(2) a(I) = 0,(I) = {-2(y +n)i: n € Z,}, and for each n
>0,

ker (=2 (y + n)i — ') = span(z"). (46)

(3) If u € p(T), then R(MY') is R(u, I')-invariant for
every me Z,, m>SJ(—(u+2yi)/2). Moreover, if
h e R(MY), then

/ . . z . .
R (‘Ll, F)h (Z) — —%Z ((u+2iy)/2)i J-O w—((y+21y)/2)1— lh (w)dw

= R,h(2).
(47)

Proof. Take ¢=-2y and k=-2 in Proposition 1 and Cor-
ollary 1. The proof follows immediately.

Now, using the similarity theory of semigroups,
we detail the properties of the group of weighted
composition operators associated with the automor-
phism group (¢,)., given by (43) in the following
theorem. O

Theorem 3. Let ¢, € Aut(U)  be  given by
¢,(z) = (zcost —sint)/(zsint + cost), forallt € R,z e U,
and let S, f (z) = (¢1)! f (¢, (2)) be the corresponding group
of isometries on B, (U). Then,

(1) The infinitesimal generator A of the group S, on
B (U) is given by

A(h(z)) = —2yzh(z) (1 + 2°)h' (2), (48)

with domain D (A) = {h € B, (U): 2y(w +i)h+
(w+i)’h € B, (D)}

(2) 0,(4) = a(A) = {-2(y +n)i: n € Z,}, and for each n
> 0, ker (=2 (y + n)i — A) = span (S;,lz”).

B)If u € pd) and if meZ, is such that
m > ((-u)/ (2 = iy)). Then, if h € R (M), we have

R, Mh(2) = (z - i) 202!
i (Z +i)—(((y+2iy)/2)i+2y)
) r (@ — i) @r2iniDi-1
0

(w+i) ((u+2iy)/2)i+2y~ lh (w)dw.

(49)

(4) R(u, A) is compact on B, (D).
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(5) a(R(w,A) =0,(R(1,4)) ={weC:|w- (12N
W)l = (/IR (wI)}. Moreover
F (R A) = IRt )] = . (50)

R (u)

Proof. Let g(z)=v'(2) = (z-i)/(z+i) and g '(z)
=y(z) = ((i(1 +2))/(1-2)). Since ¢,(z) = g 'ou,0g(2),
it follows that S, =S,S,S,+ =8,5,S; 1 where Sg is in-
vertible. Let A be the generator of S and T = T'_,,
be the generator of S, ,then A = N TS w1th domain D (A) =
S,D(I).

Let f' € By, (D), then f € D(I) and define h:=S§,f
belongs to D(A) with f = S (k). Then,

A(h(2)) = S,TS,'h(z) = S,Tf (2)
=S, (=2iyf (2) - 2izf' (2))

=(9' (@) (-2iyf (g(2)) —i2g(2) ' (g (2))).

(51)

As stated earlier, g(z) = ((z —i)/(z + i), implying that
g' () = (2i/ (z +1)%), and thus

(2i)" . . '
e (-2iyf (9(2)) —i2g(2) f' (9 (2))).

(52)

A(h(z)) =

Since g '(2)= ((((1+2))/(1- z)) and
= (2i/(1 - 2)?), then we have f(z)= 1h(z) lh(z) =
((2i)'/(1-2)")h(g~'(z)) implying that f(g(z))
= ((z+)?/2)h(2). Moreover, f'(z) = ((2i)Y/
(1-2"")(2y(1 -2)h(g ' (2)) +2ik’ (g7' (2))) implying
that

(g '(2))

-\ 2y+1
f(g(2) = % (2yh(z) + (z +i)h' (2)).  (53)
Therefore,
Qi C(z+0)Y z—i (z+i)H
A = (_W O

- 2yh(2) + (z + D (z)))
= =2iyh(z) - 2y(z —i)h(2) = (z — i) (z + )h' (2)

=-2yzh(z) —(1 + zz)h' (z)).
(54)

As given earlier, the domain of A, D(A) is given by D(A)
=S,D(I) ={S,f: ¢ D(A)}. Now h € D(A) implies that
1h € D(T) which implies that (S, h)' € B, (D). But

) (2i)" .
(5 ~( 2o ia™ @)

=2y(2)" (1-2)""""'h(g™" (2))

(2i)Y 2i
+
(1-2)% (1-

@) s

Y
= (1(_21)2)2)/(2)1(1 - z)’lh(gf1 (z))

2%,
+(1-l (g 1(z))).

z)

Then, we have

. (20)Y 2y
() =5 o

2i zh'(g_l(z)))

+—
(1-g°97"(2)

W™ (@)

(56)

By change of variables, let @ = g~!(z) which implies
glw)=z=geg'(2) and (S, ) = Sy ((2y/ (1 = g(w)))
h(w) + (2i/(1 —g(w)) Y (w)). Therefore

heD(A)e S, <%h(w) +ﬁh’ (w)) € B, (D)

2y 2i ,
<:><1_g(w)h(w) e ))2’ (w)>EBoo,0([D)

w+1i
2i

(2yh(w) + (w +i)h' (w)) € By (D),

(57)
which implies that U (A) = {h € B, (D): 2yh(w) +
(w+i)h' (w) € By, o (D)}.

From Section 1, the spectrum and point spectrum of A
are given as UP(A) =0, M)=0@)=0(A) = {-i(y+n):
neZz.}

For the resolvents, if 4 € p(A) = p(T'), then for m e Z_,
m>SJ (- (u+iy)) and if h e R(MY), we have R(y,A) =
S¢R (s, F)S}1 and so
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R(u, Ah(2) = sg(—iz“"*z’wzﬁ J o RS (w)dw)
0

2

_ i (aipi [F —(ueaipice - (207 1
—Sg(—z p+2iy Iw p2iy mh(g (w))dw

2 0

COI
2 (z+ )

V4
(u+2ip)/2)i J (p+2ip)/2)i-1
z w
(9(2) , (9(w))

i) (58)

dg
(- g@? W

z—i ((u+2iy)/2)i z ) ) . )
_ ( ( ‘)2y> J' (0 = §) P21y 4y 22201 g
Z+i 0

Finally, from spectral mapping theorems it follows that,
for all 4 € p(A), the spectrum of R(u, A) is given by

o (R(p, A))

1z € J(A)} u {0}

:..;; ne z+}u{0} (59)
u+i(y+n

=qweC:

1 1
ey .
2R (#)I 2R (#)}

Similarly, the point spectrum is given by

0, (R( 1)) = {

1z € aP(A)} u {0}
(60)

1 1
:{“’ <C ’“’_zm(m‘ - m(m}'

Therefore, 0(R(u,A)) =0, (R(u,A) ={w €
C:lw— (/2R ()l = (1/(2R (w)))}. Finally, we conclude
this section by proving the spectral radius
F(R(u,A) = (/R @D) and IR M) = (1/ (IR @)])).

It is clear that the spectrum of the resolvent is
r(R(p,A)) = (1/ (IR (w)])). Hille-Yosida theorem yields
(R A) = (VIR @D IR (@Al < V(R @), O
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